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In this review article, we first briefly introduce the transport theory and quantum molecular dy-
namics model applied in the study of the heavy ion collisions from low to intermediate energies.
The developments of improved quantum molecular dynamics model (ImQMD) and ultra-relativistic
quantum molecular dynamics model (UrQMD), are reviewed. The reaction mechanism and phe-
nomena related to the fusion, multinucleon transfer, fragmentation, collective flow and particle
production are reviewed and discussed within the framework of the two models. The constraints on
the isospin asymmetric nuclear equation of state and in-medium nucleon-nucleon cross sections by
comparing the heavy ion collision data with transport models calculations in last decades are also
discussed, and the uncertainties of these constraints are analyzed as well. Finally, we discuss the
future direction of the development of the transport models for improving the understanding of the
reaction mechanism, the descriptions of various observables, the constraint on the nuclear equation
of state, as well as for the constraint on in-medium nucleon-nucleon cross sections.
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I. INTRODUCTION
Heavy ion collisions (HICs) provide an unique way to
investigate the basic nuclear physics problems in labora-
tory, such as where is the end of nuclear chart? how can
we reach it? what is the properties of neutron-rich matter
in cosmos and on the earth? and the origin of elements
heavier than Fe? In the past 50 years, a large number of
experimental data for HICs have been accumulated and
lots of interesting results have been obtained [1–24]. It
has been found that the phenomena and the physics pro-
cesses in HICs at various energy domains are very rich
and complicated. Thus, understanding the mechanism
behind them is very helpful for us to obtain the knowl-
edge of related nuclear phenomena and physics.
For low energy heavy ion reactions (in this review pa-
per, we consider this energy domain to be Ebeam ≤ 10
MeV/nucleon), the synthesis of superheavy nuclei and
new neutron (proton)-rich isotopes are the hot topics [25–
61]. Related to them, there are also a lot of interesting
problems in the reactions, such as the role of the dy-
namical effect, the nuclear structure effect and the in-
terplay between them, the dependence of the barrier on
the reaction systems and incident energies, etc., need to
be clarified. Multi-nucleon transfer (MNT) reactions be-
tween very heavy nuclei at near or above barrier energies,
attracted a lot of attention as well [52–54] since it could
lead to production of new heavy and possibly superheavy
neutron-rich isotopes, especially those nuclei at waiting
point for r-process which are important to the nuclear
astrophysics. In addition, the study of MNT reaction is
highly required due to the new facilities of High Inten-
sity heavy ion Accelerator Facility (HIAF) and Argonne
Tandem Linac Accelerator System (ATLAS).
As the beam energy increases, the interplay of one-
body mean field and two-body scattering makes the phe-
nomena in this energy domain fascinating and compli-
cated. The ternary and four-fragment breakup process
may take place accompanying the binary process. At the
low-intermediate energies region, i.e. ∼20 MeV/nucleon
to ∼300 MeV/nucleon (the definition of energy domain
of intermediate energies, usually differs among authors),
multifragmentation process which was thought as a sig-
nal of liquid-gas phase transition in finite systems, ap-
pears and provides the opportunity to study the equa-
tion of state at sub-saturated densities [22, 23, 62–65] and
mechanism of liquid-gas phase transition in the finite sys-
tem. The phenomena relating to the multifragmentation,
such as isospin distillation, neutron-rich neck emission,
bimodality, ..., evolved with the isospin asymmetry and
the size of reaction system and the beam energy as well,
are very rich and complicated, and it provides us with
the hints of equation of state (EOS), mechanism of frag-
mentation and information of liquid-gas phase transition
for two components finite system.
When the beam energies increase from around 100
MeV per nucleon up to few GeV per nucleon, the col-
lective motion of emitted nucleons and light particles
appears, and it was named as collective flow [3, 9, 11–
14, 16]. The measurement of collective flow also provides
a possibility for the study of the nuclear EOS at supersat-
urated densities as well as the information of in-medium
nucleon-nucleon (NN) cross sections [24], because the
changing of the momentum of emitted nucleons are re-
lated to the gradient of pressure between the participant
and spectator of the reaction system, which is caused
by the nucleonic mean field and nucleon-nucleon colli-
sions. The sub-threshold and above threshold production
of mesons take place in addition to the multifragmenta-
tion and the collective flow effects. The yields of mesons
and their yield ratios between different charge states as
well as the flow effects evolve with energy and isospin
asymmetry of the system [66–71, 73–84, 135], contain a
lot information of the isospin asymmetric EOS of nu-
clear matter, the isospin dependent in-medium NN cross
sections and the reaction dynamics. The study of the
phenomena at the beam energy from low to intermediate
energies, such as the production of new isotopes, multi-
fragmentation, and flow effects closely relating to equa-
tion of state stimulate the building of next generation of
rare isotope facilities, such as the Intensity Heavy ion Ac-
celerator Facility (HIAF) at Institute of Modern Physics
(IMP) in China [85–87], Facility for rare isotope beams
(FRIB)[88] in USA, Rare isotope Accelerator complex
for ON-line experiment (RAON)[89] in Korea, RI beam
factory (RIBF/RIKEN) in Japan[90], SPIRAL2/GANIL
in France[91], Facility for Antiproton and Ion Research
(FAIR) at GSI in Germany[92], Selective Production
of Exotic Species (SPES/LNL) in Italy[93], Nuclotron-
based Ion Collider facility at the Joint Institute for Nu-
clear Research(NICA/JINR) in Russia[94], and the pro-
posed Beijing Isotope-Separation-On-Line Neutron-Rich
Beam Facility (BISOL)[95] in China.
In order to describe the phenomena and processes in
HICs at each energy domain, kinds of successful mod-
els have been developed for explaining and investigat-
ing the related physics problems. For instance, for low
beam energy reactions, both the diffusion model by us-
ing Langevin equation and the di-nuclear model can de-
scribe fusion cross sections [46, 52, 53, 53, 54, 96–117];
for the intermediate energy region, the statistical mul-
tifragmentation model (SMM) is quite successful in de-
3scribing the charge distribution of multifragmentations
at intermediate energy reactions [118–125], etc. How-
ever, heavy ion reaction or collision process is essentially
a non-equilibrium process. It is highly demanded to de-
velop a model or theory which can describe the time
evolution of reaction, so that one can understand the
reaction dynamics and the transient states in the com-
pressing and expanding stages which are important for
studying the equation of state of nuclear matter. Also,
the theories (models) describing heavy ion collisions in a
more unified way from low energies to higher energies are
considerably demanded for insight in depth of the proper-
ties of nuclear many-body system and reaction dynamics.
Thus, the microscopic dynamics models, namely, the mi-
croscopic transport models for heavy ion reactions were
developed and have been used to study HICs with a great
success [63–65, 73, 74, 126–172].
Generally, the transport models adopt different phi-
losophy to solve the transport equations, which can be
roughly divided into two types, the Boltzmann-Uehling-
Uhlenbeck (BUU) model and the quantum molecular dy-
namics (QMD) model.
In the BUU approach, the goal is to describe the evolu-
tion of the one-body phase space occupation probability
f(r,p; t) as a function of the time under the action of
a mean field potential U [f ], usually derived from a den-
sity functional, and two-body collisions specified by an
in-medium cross section dσmed/dΩ. The non-relativistic
BUU equation reads( ∂
∂t
+
p
m
· ∇r −∇rU · ∇p
)
f(r,p; t) = Icoll(r,p; t) , (1)
Icoll is the collision term, which accounts for the par-
ticles entering and leaving the phase space d3rd3p. The
integro-differential non-linear BUU equation is solved nu-
merically by using the test particle method (TP) [173],
as
f(r,p; t) =
(2pi~)3
gNTP
ANTP∑
i=1
G(r− ri(t)) G˜(p− pi(t)) , (2)
where NTP is the number of test particles (TP) per nu-
cleon, ri and pi are the time-dependent coordinate and
momentum of the test particle i, G and G˜ are the shape
functions in coordinate and momentum space, respec-
tively, with a unit norm (e.g. δ-functions or normalized
Gaussians). For nucleons, the degeneracy factor g = 4
is to define f(r,p, t) as the spin-isospin averaged phase
space occupation probability. It is also possible to express
the distribution function for each isospin (or spin) state
in a similar way. In the BUU approach the phase space
distribution function is seen as a one-body quantity and a
smooth function of coordinates and momenta and it can
be approximated better by increasing the number of test
particles in the solution. In the limit of NTP → ∞, the
BUU equation is solved exactly. In this limit the solu-
tion is deterministic and does not contain fluctuations. In
case of studying the cluster and fragment production, it
will need to introduce the fluctuation which actually ex-
ist in low-intermediate energy heavy ion collisions. There
are some effort to do it through the Boltzmann-Langevin
equation (BLE) which adds a fluctuation term on the
right hand side of Eq. (1),( ∂
∂t
+
p
m
·∇r−∇rU ·∇p
)
f(r,p; t) = Icoll(r,p; t)+δIcoll .
(3)
This equation is solved approximately in the stochas-
tic mean field (SMF), Boltzmann-Langevian one body
(BLOB) [126, 139–141, 141, 174–179].
In the QMD approach, the evolution of N -body phase
space density distribution fN (r1, ..., rN ,p1, ...,pN ; t) is
formulated. Thus, in the philosophy of QMD, the ef-
fect of go-beyond the mean field approach is realized by
including correlations and fluctuations from the begin-
ning, and it is at the expense of more rapidly destroying
the fermionic character of the system and of reverting
to a classical system. The QMD model can be seen as
an event generator, where the time evolution of different
events is solved independently. The fluctuations in QMD-
type codes are regulated and smoothed by choosing the
parameter σr, the width of the wave packet. The mean
field part in the QMD approach can also be viewed as
derived from the Time-Dependent Hartree method with
a product of trial wave function of single particle states
in Gaussian form that we will mention in section II. Also
the collision term, which relocates nucleon wave packets
in momentum space, introduces more fluctuations than
those for the collision term in BUU. The fluctuations
among events are not suppressed in QMD approach even
in the limit of infinite number of events. Taking into ac-
count all fluctuations and correlations has basically two
advantages: i) many-body processes, in particular the
formation of complex fragments are explicitly treated,
and ii) the model allows for an event-by-event analysis of
heavy ion reactions similar to the methods which are used
for the analysis of exclusive high acceptance data [146–
148].
Stimulated by studying the dynamical effects on the
heavy ion reactions near the barrier, we have made a
series of improvements on nucleon propagation in the
mean field part, nucleon-nucleon collision in two-body
collision part, the initialization and the cluster recog-
nization [153, 154, 157, 160] based on the original QMD
model during last 20 years. It was named as im-
proved quantum molecular dynamics model (also known
as ImQMD). One of the important changes is that we
adopt the potential energy density functional to deter-
mine the nucleon propagation, which was stimulated by
a steady transition taken place during the past several
years from the mean-field description of nuclear proper-
ties in terms of effective forces to an density functional
approach [180–184]. The basic idea of density functional
is that the ground-state energy of a stationary many-
body system can be represented in terms of the ground
state density alone, and thus, energy density functional
theory calculations are comparatively simple to imple-
4ment yet often very accurate and computationally feasi-
ble even for systems with large particle numbers. Follow-
ing this transition, we replaced the mean filed potential
part in terms of the effective nuclear interaction by the
potential energy density functional, and we will mention
it in the following chapter.
Up to now, we have developed three versions of
ImQMD designed for different purposes. The details will
be given in section II. A series applications of the ImQMD
model to the fusion reaction, deep inelastic scattering
(multi-nucleon transfer reaction) at near Coulomb barri-
ers and to multifragmentation, collective flow effects and
other important phenomena at intermediate and high en-
ergies will be presented in this review paper. The study
of liquid-gas phase transition in finite nuclear systems
connecting to multifragmentation, and the constraints on
symmetry energy for asymmetric nuclear matter by com-
parison of the model calculations with the experimental
data, are also presented. Further more, the phenomena
at intermediate and high energies related to particle pro-
duction and collective flow are presented and discussed
within the framework of UrQMD model.
This article is organized as follows. In Section II,
we will briefly review the many-body transport theory
and its solution in the quantum molecular dynamics ap-
proaches. In Section III, we will focus on the study of
phenomena in heavy ion reaction (collision), and its re-
action mechanism. Section IV will present the investi-
gation on the in-medium NN cross sections by using the
closed time-path green function method and one-boson
exchange model, and the efforts of extracting the in-
medium NN cross section by comparing the QMD type
model calculations to heavy ion collisions data. Section V
will present the investigation on the isospin asymmetric
nuclear equation of state, symmetry energy and the un-
certainties of these constraints. Section VI will give dis-
cussions and prospect on the development of transport
theory and its applications in the nuclear physics in the
future.
II. TRANSPORT THEORY AND THE
QUANTUM MOLECULAR DYNAMICS MODEL
Utility of the quantum-mechanical phase space distri-
butions for the formulation and solution of scattering and
production problems is an important approach in heavy
ion collisions. In 1932, Wigner [185] discovered an in-
teresting version of the density matrix which allows the
expression of quantum dynamics in a form directly com-
parable with the classical analog while maintaining the
quantum integrity of the conjugacy of the variable p and
x. This approach can also be extended to the particle
production problem by expanding the field operator φ
in terms of the annilation operator a(p, t) [186], and the
N -particle covariant distribution functions are directly
connected with the inclusive differential cross sections.
The advantages of this technique are clearly exhibited in
application to quantum transport theory [187–189].
The transport equation can be derived by means of
the nonequilibrium Green’s function technique, i.e. the
closed time-path Green’s function(CTPGF) technique
which is based on the theoretical concepts for a proper
many-body description in terms of a real time nonequi-
librium field theory initiated by Schwinger in the early
sixties. By using the CTPGF technique, the transport
equation and the analytical expressions of in-medium
two-body scattering cross sections applicable for heavy
ion collisions are simultaneously obtained. As the whole
theory is complicated but very useful, here we refer to
the literatures (see Refs. [190–198]).
In this chapter, we will shortly mention the transport
theory which is used for QMD approach.
A. Transport theory for N-body system
The derivation of Boltzmann’s N -body phase space
distribution fN (r1, ...rN ; ...p1, ...,pN ) provide an intu-
itive picture of complex collisions process based on the
quantum mechanics. As is known that the simultaneous
probability for position r and momentum p is forbidden
in quantum mechanics by Heisenberg’s uncertainty prin-
ciple, i.e., ∆ri∆pi ≥ ~/2. One way to map a quantum
variable to a classical one is to use coarse-grain method,
such as Wigner transformation [185] in which both re-
spects the rules of quantum mechanics and recaptures
most of the desired features of Boltzmann function. If a
wave function ψ(r1, ..., rN ) is given, one may build the
density matrix with the representation as following,
fN (r1, ..., rN ; p1, ...,pN ) = (4)
(
1
2pi~
)N
∫ ∞
−∞
...
∫
dy1...dyNψ
∗(r1 − y1, ..., rN − yN )
ψ(r1 + y1, ..., rN + yN )e
−2i(p1·y1+...+pN ·yN )/~,
to express the probability-function of the simultane-
ous values of r1, ..., rN and p1, ...,pN . Eq. (4) is real,
but not everywhere positive and it means that the
fN (r1, ..., rN ; p1, ...,pN ) can not be really interpreted as
the simultaneous probability for coordinates and mo-
menta. However, the lack of positivity will not hinder the
use of it since we are mainly concerned with computation
of positive definite asymptotic quantities. When Eq. (4)
is integrated with respect to p, the correct probabilities
|ψ(r1, ..., rN )|2 is given; if we integrate Eq. (4) with re-
spect to r, the correct probabilities |C(p1, ...,pN )|2 can
also be verified. Hence, one may get the correct expec-
tation values of mechanical quantities O as a function of
5coordinate or momenta for the state ψ as,
< O > =
∫ ∞
−∞
...
∫
dr1...drNdp1...dpNO(ri,pi) (5)
fN (r1, ..., rN ; p1, ...,pN )
=
∫ ∞
−∞
...
∫
dr1...drNψ
∗(r1, ..., rN )
O(ri,−i~∂ri)ψ(r1, ..., rN ),
where fN (r1, ..., rN ; p1, ...,pN ) is the probability-
function described above.
For the equation of N -body system phase space dis-
tribution fN (r1, r2, ..., rN ; p1,p2, ...,pN ), it has been de-
rived by Aichline in Ref. [148] and is written as follows,
(
∂
∂t
+
∑
i
pi
m
· ∇ri)fN (r1, . . . rN ,p1, . . .pN , t) (6)
=
∫
Πid
3pid
3Qid
3qie
iri·pi
f
(n)
0 (Q1, . . . , QN , q1, . . . , qN , t)
(I1(T ) + I2(T ) + I3(T )),
where Qi and qi are the momenta of final states. T =∑
ti +
∑
k 6=m
∑
m timG
†
0tik + . . . , tim is the sum of all
possible transition matrix combinations, and G†0 are the
on shell propagators. f
(n)
0 is the time evolved free wave
packet. The definition of terms I1, I2, and I3 can be
found in Ref. [148]. The real part of I1 + I2 acting as
an effective potential has been replaced by two-body po-
tential in this case, and it can be easily related to the
nuclear equation of state. The I3 term can be reduced to
a sum of terms which contains only absolute squares of
transition matrices, and it is assumed to be proportional
to products of the cross sections [148].
For the Vlasov equation of Eq. (6), i.e. without I3
term, the time evolution of the phase space density of
particles which moves on classical orbits is specified by
the Hamilton equation. The equation of motion for the
expectation values of < ri > and < pi > are,
∂ < pi >
∂t
= − < ∇iV (r1, ...rN ) >, (7)
∂ < ri >
∂t
=
< pi >
m
.
Supposing the potential V (r1, ...rN ) is slowly varying,
and we can expand ∂V∂ri as a Taylor series about < ri >
as following,
∂V (r1, ..., rN )
∂ri
(8)
=
∂V (r1, ..., < ri >, ..., rN )
∂ < ri >
+
∂2V (r1, ..., < ri >, ..., rN )
∂ < ri >2
(ri− < ri >)
+
1
2
∂3V (r1, ..., < ri >, ..., rN )
∂ < ri >3
(ri− < ri >)2
+ ....
Substitution of the above expansion into Eq.(7), and we
have
∂ < pi >
∂t
(9)
=
∂ < V (r1, ..., < ri >, ..., rN ) >
∂ < ri >
+
σ2
2
∂3 < V (r1, ..., < ri >, ..., rN ) >
∂ < ri >3
,
with < (ri− < ri >) >= 0 and σ2 =< (ri− < ri >)2 >.
If the
|1
2
∇3<ri>V (r1, ..., < ri >, ..., rN )σ2| (10)
 |∇<ri>V (r1, ..., < ri >, ..., rN )|,
the second term in the right hand of Eq. (9) can ne ne-
glected. While, < ∇<ri>V (r1, ..., < ri >, ..., rN ) >≈
∇<ri>U(< r1 >, ..., < rN >) and the equations in Eq.(7)
will be the same as it in the classical equation. Here, the
potential energy U is a function of parameters {< ri >,
< pi >} and thus U can also be thought as the potential
at {< ri >, < pi >} in practical calculations. If the gra-
dients of the potential are strong, the high order terms
in Eq. (7) can not be neglected and it causes not only
strong force but also large fluctuations around the mean
trajectories.
For the collision term, in the actual calculations, the
particle collisions are simulated when the particles are
sufficiently close [199] with the Monte-Carlo method, and
the scattering angle is chosen randomly according to the
differential cross section. The outgoing states of collisions
also need to be checked whether the states of outgoing
particles have been occupied or how much is the proba-
bility of the occupation by other particles. If the outgo-
ing states have been fully occupied, the collision will not
happen and it is named as Pauli blocking. Otherwise,
the collision will happen with certain probability. More
details will be given in following sections.
B. Quantum Molecular Dynamics approach
In the quantum molecular dynamics approach, each
nucleon is represented by a Gaussian wave packet,
ψi(ri) =
1
(2piσ2r)
3/4
e
− (ri−ri0)2
2σ2r
+i(ri−ri0)·pi0/~
, (11)
6here, σr and ri0 are the width and centroid of wave
packet, respectively. Its Wigner density reads,
fi(r,p, t) =
1
(2piσ2r)
3/2
e−(r−ri0)
2/2σ2r (12)
1
(2piσ2p)
3/2
e−(p−pi0)
2/2σ2p
=
1
(pi~)3
exp[− (ri − ri0)
2
2σ2r
− (pi − pi0)
2
2σ2p
],
where σrσp = ~/2. The features of fi from Gaussian
wave function are as follows: (a) fi does not spread with
time for fixed p or r, even though the underlying wave
function does. But it can reproduce the fine structure
of nucleon distance in fragmentation. (b) An equation
f(r,p, t) = δ(r − ri0)δ(p − pi0) is out of reach, because
the uncertainty relation ∆x∆px ≥ ~2 . (c) As σr tends
to infinity, fi spread uniformly over space, while the mo-
mentum factor is sharp in momentum.
Since the nuclei of colliding is a N -body system, its
wave function should be ψ(r1, ...rN ). In the QMD ap-
proach, the system wave function is assumed as a direct
product of N coherent states, which is in the Hartree
approximation,
ψ(r1, ..., rN ) = φk1(r1)φk2(r2)...φkn(rN ), (13)
φki(ri) = (14)
1
(2piσ2r)
3/4
exp[− (ri − ri0)
2
2σ2r
+
ipi0 · (ri − ri0)
~
],
where φki(ri) is the wave function of the ith particle at
state ki (pi = ~ki form). φki is chosen as Gaussian wave
packet to avoid the negative values of phase space distri-
bution (fN ).
For the N -body Wigner function within the QMD as-
sumption, it reads
fN (r1, ..., rN ; p1, ...,pN ) =
N∏
i=1
f(ri,pi) (15)
=
N∏
i=1
1
(pi~)3
exp[− (ri − ri0)
2
2σ2r
− (pi − pi0)
2
2σ2p
],
ri0 =< ri > and pi0 =< pi > are the centroids of wave
packets in coordinate and momentum space, respectively.
The time evolution of the fN , i.e. Eq. (6), is a highly non-
linear integral-differential equation and is difficult to be
solved exactly.
Since the width of wave packet is fixed during the time
evolution in the QMD approcah, the time evolution of
the phase space density can be determined from the time
evolution of the centroids of the wavepacket in the coor-
dinate and momentum spaces, which are driven by the
mean field potential and nucleon-nucleon collisions. Two
ingredients in Eq. (6), such as the mean field part and
the collision part, are solved separately rather than self
consistently in practical calculations. The initialization
is also very important for simulating the heavy ion colli-
sions, and we will mention it in the next section.
In the Vlasov model (i.e. only the mean field and with-
out collision part), the time evolution of the centroid of
wave packets in the coordinate and momentum space is
derived in previous section and it is written as,
∂< pi >
∂t
≈ −∂U(r10, ..., rN0)
∂ri0
, (16)
∂< ri >
∂t
=
pi0
m
. (17)
The time evolution of the centroids of pi0 and ri0 have
also been derived by using the Euler-Lagrange equations
as in Ref. [148],
d
dt
∂L
∂p˙i0
− ∂L
∂pi0
= 0→ r˙i0 = pi0
m
+∇pUi, (18)
d
dt
∂L
∂r˙i0
− ∂L
∂ri0
= 0→ p˙i0 = −∇pUi. (19)
The potential energy U in the quantum molecular dy-
namics model can be directly calculated from the poten-
tial operator Vˆ = vij + vijk + ... as follows based on the
above assumption,
U =
∑
i<j
∫
dΓidΓjvijfi(ri,pi)fj(rj ,pj) (20)
+
∑
i<j<k
∫
dΓidΓjdΓkvijk
fi(ri,pi)fj(rj ,pj)fk(rk,pk) + ...
≡
∑
i<j
< ri, rj |vij |ri, rj >
+
∑
i<j<k
< ri, rj , rk|vijk|ri, rj , rk > +...,
=
∑
i<j
Uij +
∑
i<j<k
Uijk + ...,
dΓi = d
3rid
3pi, vij , vijk are two-body interaction, three-
body interaction, respectively. As in Ref. [148], the in-
teractions may consist of local interaction, Yukawa and
Coulomb interactions.
The local interaction has the form,
vij = t1δ(r1 − r2), vijk = t2δ(r1 − r2)δ(r1 − r3), (21)
and one have
Uij = t1ρ˜(ri0, rj0) =
t1
(4piσ2r)
3/2
e−(ri0−rj0)
2/4σ2r , (22)
Uijk =
t2
(2piσ2r)
3 · 33/2 (23)
e−((ri0−rj0)
2+(ri0−rk0)2+(rk0−rj0)2)/6σ2r
≈ t2
(2piσ2r)
3 · 33/2 e
−((ri0−rj0)2+(ri0−rk0)2)/4σ2r .
7In the spin saturated nuclear matter, the three-body in-
teraction can be viewed as the density dependent two-
body interaction due to the hard core, and one can re-
place the three-body interaction to its effective form
t2δ(r1−r2)δ(r1−r3) = t2
6
δ(r1−r2)ρ((r1 +r2)/2). (24)
The Yukawa interaction is as
V Y uk = t3
e−|r1−r2|/µ
|r1 − r2|/µ, (25)
with µ = 1.5 fm and t3 = −6.66 MeV which can give the
best preservation of nuclear surface for certain parame-
ter sets, and it also gives the contributions to two-body
terms.
The parameter t1 and t2 can be determined by fitting
the nuclear matter potential,
V = α(
ρ
ρ0
) + β(
ρ
ρ0
)2, (26)
α term is related to the two-body interaction term, and
β term is related to the three-body interaction. The two
free parameters α and β can be determined by the re-
quirement of average binding energy (E0) and compress-
ibility (K0 = 9ρ
2
0(
∂2E/A
∂ρ2 )ρ0) at the normal density. In
order to study the effects of different incompatibilities,
one generalize the potential to be,
V = α(
ρ
ρ0
) + β(
ρ
ρ0
)γ . (27)
The additional third parameter γ can allow us to fix the
compressibility independent of other quantities.
The momentum dependent interaction is also impor-
tant for describing flows over a wide incident energy
range with reasonable compressibility. There are the
Logarithm-type [200, 201] momentum dependent inter-
action,
U(∆p)δ(r− r′) = (28)
1.57[ln(1 + 5× 10−4∆p2)]2ρ/ρ0δ(r− r′),
with ∆p = |p1 − p2| in units of MeV/c and U is in
MeV. Another form is the Lorentzian-type momentum-
dependent nucleonic mean field Vmd, which was used in
RQMD/S and JAM [202, 203]
Vmd =
∑
k=1,2
C
(k)
ex
ρ0
∫
dp′
f(r,p′)
1 + [(p− p′)/µk]2 . (29)
Ckex and µk are the parameters of momentum dependent
interaction. The mean field potential (Eq.(29)) leads to
the following potential energy,
Umd =
∑
k=1,2
C
(k)
ex
ρ0
∫
drdpdp′
f(r,p)f(r,p′)
1 + [(p− p′)/µk]2 . (30)
Exact calculation of integral of Eq.(30) is time consuming
in the QMD-type model calculations. Thus, in the actual
calculations [203], the momentum dependent potential
which used in the relativistic QMD framework [172] is
∑
k=1,2
C
(k)
ex
2ρ0
∑
j(6=i)
1
1 + [p˜ij/µk]2
ρij , (31)
where ρij =
∫
d3rρi(r)ρj(r). In their formulas, the rela-
tive distance rij = ri − rj and pij = pi − pj (for conve-
nience, we use ri and pi to represent ri0 and pi0 in the
following description) in the potentials were replaced by
the squared four-vector distance with a Lorentz scalar,
r˜2ij = r
2
ij + γ
2
ij(rij · βij)2, (32)
p˜2ij = p
2
ij − (p0i − p0j )2 + γ2ij(
m2i −m2j
p0i + p
0
j
)2.
The parameters in Eqs. (28) and (31) are determined
by reproducing the real part of the global Dirac optical
potential (Schro¨dinger equivalent potential) of Hama et
al. [204], in which angular distribution and polarization
quantities in proton-nucleus elastic scatterings are ana-
lyzed in the range of 10 MeV to 1 GeV. One should note,
α, β, γ should be readjusted by fitting the EOS in the
uniform nuclear matter after including the momentum
dependent interaction term.
In the collision part, only binary collisions (two-body
level) are considered. The collisions are performed in a
point-particle sense with a similar way as in cascade [205]
without considering the shape of nucleons. Each pair of
particles within an same event is tested for a collision
at every time step. In details, there is possible collision
between particles 1 and 2, if their minimum distance d12
in center of mass of colliding pair satisfy,
d12 ≤
√
σtot(
√
s)/pi, (33)
where σtot(
√
s) is the total cross section of incoming par-
ticle 1 and 2 at the center of mass energy
√
s. σtot =∑Nc
i σi, and i represents the outgoing channel and Nc is
the maximum number of outgoing channels. Another
condition is that the particle 1 and 2 can move long
enough for colliding in the time interval −δt/2 to δt/2.
The channel of outgoing particles (ic) is chosen randomly
according to the relative weights of the different reaction
cross sections, such as
ic−1∑
i=1
σi/σtot < ξ ≤
ic∑
i=1
σi/σtot, (34)
ξ is a random number. The momenta of the outgoing
particles are generated randomly according to the angu-
lar differential cross sections and in agreement with the
energy-momentum conservation laws. Thus, the cross
sections constitute another major part of the model. In
the original QMD model, the experimental values of
8nucleon-nucleon (baryon-baryon) cross sections in free
space are used and the medium correction on the cross
section is based on it. The Pauli blocking is considered
as that in VUU [146, 206–209].
In addition, fragmentation is an important mechanism
for intermediate energy heavy ion collisions. Thus, one
also needs to identify the fragments at the end of sim-
ulations. A reasonable method for identifying the frag-
ments from the simulation results of QMD calculations is
needed for obtaining the reaction observables. It is found
that the analyzing code also contains important physical
contents and influence the final results to a certain ex-
tent.
C. Improved Quantum Molecular Dynamics Model
The original version of QMD code we used was devel-
oped in the Frankfurt [210], and there are lots of devel-
opments accompanied with appearance of the new gener-
ation facilities along the beam energy, as well as isospin
degree of freedom. Here, we briefly introduce the im-
provements we have made in past decades, and it was
also known as improved quantum molecular dynamics
model (ImQMD).
In our following description, for convenience, we use
ri and pi to represent the ri0 and pi0. The adjustable
parameters in the model can be divided into two types.
One is related to the numerical calculations, and another
is physics parameters. The adjustable parameter related
to the numerical calculations is the width of Guassian
wavepacket, the time step in computation, et ac. The
adjustable parameters related to the physics are the mean
field parameters and in-medium correction parameters,
which totally have about 5-15 parameters. The exact
number depends on the physics we study.
1. Nucleonic mean field
With the beam energy decreasing to the Coulomb bar-
rier, the fermion properties of nucleons become more and
more important and it naturally requires to develop the
original transport model for including or mimicking these
effects, such as including the effects from antisymmetric
wave function and time evolution of width of wave func-
tion, which has led the antisymmetric molecular dynam-
ics model (AMD) [142], Fermionic molecular dynamics
model (FMD) [211, 212], extended quantum molecular
dynamics model (EQMD) [213]. However, these treat-
ments face a extremely large cost in calculation and thus
hardly apply to heavy nuclear systems. One has to find a
way to balance the efficiency of computation and physics
before the revolution of computation ability.
In the framework of QMD approach, it can also be
refined by improving the mean-filed part in two sides.
One is to adopt a reasonable energy density functional,
which can well reproduce the properties of finite nuclei, in
the Hamiltonian equation. For example, one can include
the Pauli potential in Hamiltonian [147, 214–217], which
is a phenomenological repulsive momentum dependent
potential, for mimicking the fermions’ properties. Thus,
the equation of motion of centroid of wave packet for
particle i reads,
r˙i =
∂H
∂pi
+
∂HPau
∂pi
, (35)
p˙i = −∂H
∂ri
− ∂H
Pau
∂ri
. (36)
Another ad hoc method to mimic this effects is to adopt
the phase space constraints [150–152]. This method re-
quires to check whether the phase space occupation num-
ber of each particle (f¯i) violates the fermi-dirac distribu-
tions, i.e. f¯i > 1, during the evolution. If the phase space
occupation number is greater than 1, the momentum di-
rection of nucleons will be rearranged to let the phase
space occupation number less than or equal to 1. More
details can be found in Refs. [150–152].
In the ImQMD model, we mainly improve the mean
field part based on the concept of energy density func-
tional. It comes from the approximation used in the
QMD approach, where the potential energy as a func-
tion of centroid of wave function are used (i.e., <
∇riV (r1, ..., rN ) >≈ ∇<ri>U(< r1 >, ..., < rN >)).
Thus, one can also directly calculate the potential en-
ergy U from its energy density functional U =
∫
u[ρ]d3r,
by using the ρ(r) =
∑
ρi =
1
(2piσ2r)
3/2 e
−(r−ri0)/2σ2r . In
this case, the self contribution to density is considered.
Till now, there are three kinds of Skyrme-type energy
density functional used in the ImQMD which depends on
the energy region we used.
1), In order to study the heavy ion reaction at low
beam energy, we adopt a reasonable energy density
functional (EDF) derived from the Skyrme EDF and
the Fermi constraints (similar concept as phase space
constraints) is used. It is usually named as ImQMD-
v2 [153, 160, 218–223], and mainly used at the beam en-
ergy above Coulomb barriers and less than Fermi energy.
In the simulations, calculations are stopped when the dy-
namical processes are finished, for example, whether the
composite system reach equilibrium. The corresponding
stop time is later 1000-5000 fm/c than the projectile and
target contacting time.
The Hamiltonian reads
H = T + U =
∑ p2i
2m
+
∫
uρd
3r + UCoul. (37)
The potential energy density functional uρ used in the
ImQMD-v2 for low energy heavy ion collisions (near and
above the Coulomb barrier energy domain) reads
uρ =
α
2
ρ2
ρ0
+
β
γ + 1
ργ+1
ργ0
+
gsur
2ρ0
(∇ρ)2
+
Cs
2ρ0
[ρ2 − κs(∇ρ)2]δ2 + gρτ ρ
η+1
ρη0
, (38)
9where the asymmetry δ = (ρn − ρp)/(ρn + ρp), ρn and
ρp are the neutron and proton densities. The gsur is
the coefficient related to the density gradient. Cs is the
symmetry potential coefficient, and κs is the parameter
related to isospin dependent density gradient term. gρτ
term is obtained from the contribution of the ρτ term
in Skyrme energy density functional, where the τ is the
kinetic energy density and expressed with the density ρ.
The details can be found in Refs. [153, 160, 218, 219, 221].
The parameters in the uρ as well as the width of the
wave-packet,
σr = σ0 + σ1A
1/3, (39)
in the coordinate space, here A is the number of nucle-
ons in projectile or target, are given in Table I which are
determined by fitting the properties (including the stabil-
ity) of nuclei at ground state, the fusion excitation func-
tions of a number of heavy ion fusion reactions at energies
around the Coulomb barrier and the charge distributions
in multifragmentation process at Fermi energies.
For the lower beam energies, the excitation of system
is low and the momentum distribution of the reaction
system is not far from the Fermi-Dirac distribution at
zero temperature. Thus, we roughly use η = 5/3 in the
gρτ term to approximately describe the contribution
from the ρτ term. Actually, the exact calculations of
ρτ terms in transport models should be directly based
on the relative momentum of nucleons, and it will give
the obviously momentum dependent interaction and
effective mass. It will be interesting to check how the
momentum dependent interaction influence the low
energy reactions.
2), When the beam energies are high enough to trigger
the multifragmentation, which has close relation with the
EOS in a wide density range, investigation on the nuclear
EOS becomes possible, especially for isospin asymmetric
nuclear equation of state with the building of new gen-
eration rare facility in last couple decades. It requires to
develop the transport codes which can incorporate kinds
of effective interactions such as the widely used Skyrme
interactions (Skyrme potential energy density function-
als). At this energy region, the calculations are stopped
after 100-200 fm/c when the projectile and target con-
tact, and the exact values depends on the beam energy
we studied.
In the version of ImQMD05 [154–156], it is mainly ap-
plied in the energy ranging from 20 MeV/nucleon to 300
MeV/nucleon. The Coulomb interaction is as same as the
previous treatments, but the nucleonic potential energy
density functional, i.e. u = uρ + umd, reads as:
uρ =
α
2
ρ2
ρ0
+
β
γ + 1
ργ+1
ργ0
+
gsur
2ρ0
(∇ρ)2
+
gsur,iso
ρ0
(∇(ρn − ρp))2 + gρτ ρ
8/3
ρ
5/3
0
(40)
+usymρ .
The last term in Eq. (40) is the symmetry potential en-
ergy density functional,
usymρ = [Asym
ρ
ρ0
+Bsym(
ρ
ρ0
)γ +Csym(
ρ
ρ0
)5/3]δ2ρ, (41)
which makes it possible to investigate the different
Skyrme forms of density dependence of symmetry energy.
For the Skyrme interactions, symmetry potential energy
terms come from two-body, three-body and momentum
dependent interaction terms, and its related parameters
are Asym, Bsym, and Csym, respectively. All the pa-
rameters in ImQMD, such as α, β, η, gsur, gsur,iso, gρτ
and Asym, Bsym, Csym can be derived from the stan-
dard Skyrme parameters, x0, x1, x2, x3, t0, t1, t2, t3,
σ. The relationship between the standard Skyrme pa-
rameters and parameters in the ImQMD can be found in
Ref. [158].
If one sets Asym = Csym = 0 and Bsym =
Cs
2 , u
sym
ρ
becomes
usymρ =
Cs
2
(
ρ
ρ0
)γiρδ2, (42)
and one can easily investigate the power law form of den-
sity dependence of symmetry energy. In the following
text, we use γi to denote the symmetry potential pa-
rameters in the power law form of density dependence of
symmetry energy.
According to the Eq.(41) and Eq.(42), one can write
the density dependence of the symmetry energy of cold
nuclear matter as
S(ρ) =
~2
6m
(
3pi2ρ
2
)2/3 +Asym
ρ
ρ0
(43)
+ Bsym(
ρ
ρ0
)γ + Csym(
ρ
ρ0
)5/3,
and
S(ρ) =
~2
6m
(
3pi2ρ
2
)2/3 +
Cs
2
(
ρ
ρ0
)γi , (44)
respectively. In Eq.(43) and Eq.(44), the first term is
kinetic symmetry energy term which comes from the ki-
netic energy contributions. The rest terms are the sym-
metry potential energy.
The energy density associated with the mean-field mo-
mentum dependence is represented as
umd =
1
2ρ0
∑
N1,N2
1
16pi6
∫
d3p1d
3p2fN1(p1)fN2(p2)
1.57[ln(1 + 5× 10−4(∆p)2)]2 , (45)
fN are nucleon Wigner functions, ∆p = |p1 − p2|. The
energy is in MeV and momenta are in MeV/c. With the
interaction as in Eq.(45), the Skyrme-EOS will be mod-
ified with additional repulsion from momentum depen-
dent interaction. In order to get the reasonable Skyrme
EOS under the momentum dependent interaction as in
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TABLE I: Model parameters adopted in ImQMD-v2.
Para. α β γ gsur gτ η Cs κs ρ0 σ0 σ1
(MeV) (MeV) (MeVfm2) (MeV) (MeV) (fm2) (fm−3) (fm) (fm)
IQ2 −356 303 7/6 7.0 12.5 2/3 32 0.08 0.165 0.88 0.090
IQ3 −207 138 7/6 18.0 14.0 5/3 32 0.08 0.165 0.94 0.018
IQ3a −207 138 7/6 16.5 14.0 5/3 34 0.4 0.165 0.94 0.020
Eq.(45), we use the u′md in the model, which is obtained
by substraction the umd at T=0 MeV [158], i.e.,
u′md = umd − umd(T = 0), (46)
for refitting the Skyrme EOS.
3) In the version ImQMD-Sky [159, 224], a standard
parametrization of the Skyrme potential energy density
functional with only the spin-orbit interaction neglected
is used. It is also mainly used in the beam energy ranging
from 20 MeV/nucleon to 300 MeV/nucleon.
The nucleonic potential energy density functional u is
u =
α
2
ρ2
ρ0
+
β
γ + 1
ργ+1
ργ0
+
gsur
2ρ0
(∇ρ)2
+
gsur,iso
ρ0
(∇(ρn − ρp))2
+ Asym(
ρ
ρ0
)δ2ρ+Bsym(
ρ
ρ0
)γδ2ρ (47)
+ uskymd .
The difference between Eqs. (40-41) and Eq. (48) is
that we replace the gρτ (
ρ
ρ0
)5/3ρ and Csym(
ρ
ρ0
)5/3ρδ2 in
Eq. (40) with the exact Skyrme type momentum depen-
dent interaction terms umdsky as in Eq. (48). The energy
density of Skyrme type momentum dependent interaction
we used is,
uskymd = umd(ρτ) + umd(ρnτn) + umd(ρpτp) (48)
= C0
∫
d3pd3p′f(r,p)f(r,p′)(p− p′)2 +
D0
∫
d3pd3p′[fn(r,p)fn(r,p′)(p− p′)2
+fp(r,p)fp(r,p
′)(p− p′)2].
This formula is derived based on the Skyrme-type mo-
mentum dependent interaction, δ(r − r′)(p − p′)2, and
f(r,p) is the nucleon phase space density. In QMD ap-
proaches, f(r,p) =
∑
i
1
(pi~)3 exp[−(r − ri)2/2σ2r − (p −
pi)
2/2σ2p]. The coefficients C0 and D0 can be determined
for fitting
Heff = 1
8
[t1(2 + x1) + t2(2 + x2)]τρ (49)
+
1
8
[t2(2x2 + 1)− t1(2x1 + 1)](τnρn + τpρp),
in nuclear matter at T=0 MeV, where f in Eq. (48)
becomes the zero temperature Fermi-Dirac distributions
and τ = 35 (
3pi2
2 )
2/3ρ2/3 in Eq. (49). Finally, we have
C0 =
1
16~2
[t1(2 + x1) + t2(2 + x2)], (50)
D0 =
1
16~2
[t2(2x2 + 1)− t1(2x1 + 1)]. (51)
Thus, both the effects of symmetry energy potential and
the neutron/proton effective mass splitting on the isospin
asymmetric heavy ion collisions can be studied simulta-
neously with this code.
Furthermore, the same parametrization of the poten-
tial energy density makes better relation between the
studies of heavy ion collisions and the nuclear structure.
One should note that if the form of uskymd is adopted in the
ImQMD model, one can not use it to study the reaction
at the beam energy above 300 MeV/nucleon. The rea-
son is that the Skyrme type optical potential increases to
infinity with the momentum, which violates the optical
potential behavior obtained in experiments of nucleon-
nucleus reaction.
Correspondingly, the equation of state of cold nuclear
matter from the density functional used in the ImQMD
can be written as,
E/A =
3~2
10m
(
3pi2
2
ρ)2/3 (52)
+
α
2
ρ
ρ0
+
β
γ + 1
ργ
ργ0
+ gρτ
ρ5/3
ρ
5/3
0
+S(ρ)δ2,
with the gradient terms vanish in the uniform nuclear
matter. The density dependence of symmetry energy
S(ρ) is as same as in Eq.(43) or Eq.(44), depending on
which form of density dependence of the symmetry en-
ergy is used. The terms gρτ in Eq.(52) and Csym in S(ρ)
come from the energy density of Skyrme type momentum
dependent interaction as in Eq.(48) when T=0 MeV in
nuclear matter.
2. Collision part
In transport models for simulating the low-
intermediate energy heavy ion collisions, the nucleon-
nucleon collisions are determined with the concept of
closest approaches. In the ImQMD model, each pair of
particles within an same event is tested for a collision
at every time step. More explicitly, suppose there is
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possible collision between particles 1 and 2, specified
with (t0, ~r1) and (E1, ~p1), and (t0, ~r2) and (E2, ~p2),
respectively, at the current time t0 in the reference
frame of system. In the center-of-mass frame of the two
particles, their trajectories ~R∗i (t∗) without a mean field
are straight lines pointing along the constant velocities
~v∗1 = ~p
∗
1/E
∗
1 and ~v
∗
2 = ~p
∗
2/E
∗
2 . The asterisks represent
quantities in the two-particle center-of-mass frame,
while quantities without asterisk are in the calculational
reference frame. The transformations from system
center of mass reference to the two-particle center of
mass reference frame for momentum and coordinate are,
p∗i = ((γ − 1)pi ·
β
β2
− γEi)β + pi, (53)
r∗i = (γ − 1)ri ·
β
β2
β + ri, (54)
where,
β =
pi + pj
Ei + Ej
, γ =
1√
1− β2 . (55)
As the trajectories of 1 and 2 are known exactly, the
minimum distance can be calculated as
d∗2⊥ = (~r
∗
1 − ~r∗2)2 −
[(~r∗1 − ~r∗2) · ~v∗12]2
v∗212
, (56)
with ~v∗12 = ~v
∗
1 − ~v∗2 . In the ImQMD codes, the distance
condition for a collision to occur is
pid∗2⊥ < σ. (57)
Here, the frame-independent definition of the cross sec-
tion (via the impact parameter in the two-particle rest
frame) is an important factor in ensuring the approxi-
mate reference-frame independence.
Another criteria is to judge whether the collision occurs
during the time interval of the current time step. In the
ImQMD codes, the time of the closest approach is con-
sidered in the two-particle center-of-mass frame, where it
may be written as
t∗coll = t
∗
0 −
(~r∗1 − ~r∗2) · ~v∗12
v∗212
, (58)
corresponding to the minimum distance d∗⊥ given by
Eq. (56). Note that ~r∗1 and ~r
∗
2 are the positions at differ-
ent times t∗1 and t
∗
2, respectively, in this frame.
In the Bertsch prescription [199], the condition of the
closest approach for this time step is set as |(~r∗1 − ~r∗2) ·
~v∗12/v
∗2
12 | < 12δt which is equivalent to t∗coll ∈ [t∗0− 12δt, t∗0+
1
2δt]. δt is the time interval in c.m. of two colliding parti-
cles, and it is related to the ∆t in computation reference
is, δt = α∆t and α is defined as
α = γ
E∗1E
∗
2
E1E2
(59)
with Lorentz factor γ = 1/
√
1− β2 where β is the veloc-
ity of the center-of-mass of the colliding pair. We have
the usual time dilation factor α = 1/γ in the limit that
the two particles have a common velocity. This method
can well describe the nucleon-nucleon collision ranging
from low-intermediate energy heavy ion collisions. With
the beam energy is high enough, the relativistic effects
become more and more important, and the time order
of nucleon-nucleon collision may depend on the frame.
There are some discussions on it [171], but we will not
extend this point in detail according to the scope of this
paper.
The nucleon-nucleon cross sections and their differen-
tial cross sections in free space are taken from Ref. [225].
The in-medium total nucleon-nucleon cross section σ∗total
is taken as the form, σ∗total = (1− η(Ebeam))σfreetotal, where
the σfreetotal is taken as that in Ref. [225]. σ
∗
total = σ
∗
el +
σ∗inel, and σ
∗
el and σ
∗
inel are the in-medium elastic and in-
elastic two-body cross section. The elastic and inelastic
channel is determined by the possibility, Pel = σ
∗
el/σ
∗
total.
After generating a random number ξ, the collision for
elastic channel is determined by ξ < σ∗el/σ
∗
total. If the
inelastic collision happens, for example NN → N∆, the
mass of ∆ resonance should be sampled according to a
normalized probability distribution for the mass of pro-
duced ∆, i.e. P (m, s) [226], where m is the mass of pro-
duced ∆ and s is the center of mass energy. The momen-
tum direction of outgoing nucleons is determined by the
differential cross section with the Monte-Carlo method by
considering the energy-momentum conservation [199].
The decay time of resonance is sampled according to
its decay probability in its rest frame, i.e.,
P (tdec) = 1− e−
tdec
τ = 1− e−Γtdec , (60)
where τ is 1/Γ, and Γ is the decay width. Thus, we have
tdec = − 1
Γ
ln(1− ξ), (61)
ξ is a random number. The decay time in the computa-
tional frame (t′dec), is related to that in the rest frame of
the decaying particle (tdec) by a Lorentz factor, e.g.,
t′A→BC = γtA→BC =
E
mA
tA→BC , (62)
where EA =
√
m2A + p
2 is the energy of particle A in
computation reference. The momentum of decayed par-
ticles can be calculated based on the kinematic relation-
ship.
After the collision or decay, the corresponding mo-
menta will be changed if there is no Pauli blocking, but
the positions of them do not change.
3. Pauli blocking
The outgoing nucleon or baryon after attempted scat-
tering will be checked whether it is Pauli-blocked. The
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occupation probability f ′i at the centroid of the scattered
wave packet with final momentum P ′i is obtained from
the Wigner distribution function corresponding to the
QMD wave function given in Eq. (11), with the self-
contribution excluded, i.e.,
f ′i = fτ (~Ri, ~P
′
i )
=
1
2/(2pi~)3
1
(pi~)3
∑
k∈τ(k 6=i)
e−(~Ri−~Rk)
2/2σ2r (63)
× e−2(σr/~)2(~P ′i−~Pk)2 ,
with τ = n or p, which estimates the probability of find-
ing nucleons in a phase space cell of dimension (2pi~)3.
The factor 2/(2pi~)3 results from consideration of the spin
in the phase-space cell. The prefactors combine into a to-
tal factor 4. The occupation probability for i is finally
taken as min{1, f ′i}.
Furthermore, the criteria 4pi3 r
3
i′k
4pi
3 p
3
i′k ≥ h3/8 is also
used in the ImQMD codes. i′ denotes the outgoing nu-
cleon, k represents the other surrounding nucleon which
should be in the range of all nucleons except itself. It
means that the outgoing nucleon should not be too close
to others in phase space. Similar method used in our
developed UrQMD model.
4. Initialization
When solving the equations of motion for nucleons, i.e.
Eq. (7), one needs to know the initial coordinate and mo-
mentum of each nucleon in projectile and target, which
is the staring point of simulating heavy ion collisions.
A reasonable initial condition is of vital importance for
correctly describing heavy ion collision.
In the initialization, the positions and momenta of the
nucleons in reaction system are sampled according to the
density and momentum distributions of projectile and
target nuclei. Considering the reaction geometric (such
as the impact parameters) and the beam energy, the pro-
jectile and target nuclei are boosted into the center of
mass frame of the reaction system. Since the width of
wave packet is fixed and missing some quantum effects,
the ground state of nuclei in the QMD approaches may
deviate from its ground state in nature. The initial nu-
clei obtained in QMD approaches usually have certain
excitation. In order to obtain the reasonable initial nu-
clei with less excited, there are two methods to handle
it. One is to reduce the excitation energy by solving
the damped equation of motion to find the energy mini-
mum of the system, and it was introduced in Ref. [213].
This method sometimes encounters a difficulty of find-
ing the reasonable damping parameters and the evolu-
tion time for different systems. Another method is to
select the pre-prepared initial nuclei that satisfactorily
describe the properties of projectile and target nuclei,
such as the binding energy, the root-mean-square radius
(< r2 >1/2) and the shape for deformed nuclei. Further-
more, the selected pre-prepared initial nuclei should be
stable long enough time. One should note that all these
check should be under the same nucleon-nucleon inter-
action or the same energy density functional used in the
dynamical calculations.
In the ImQMD model for low energy heavy ion re-
actions, the second method is adopted [153, 160]. To
better describe the properties of neutron-rich nuclei, the
neutron skin thickness of neutron-rich nuclei is taken into
account in the initialization of the ImQMD model. Based
on the 4-parameter nuclear charge radii formula proposed
in Ref. [227]
Rc(fm) = 1.226A
1/3 + 2.86A−2/3 (64)
−1.09(I − I2) + 0.99∆E/A,
with which the 885 measured charge radii can be repro-
duced with a rms deviation of 0.022 fm (rms deviation
is
√
1
m
∑
(Riexp −Rithe)2 ), and the linear relationship
between the neutron skin thickness ∆Rnp = 〈r2n〉1/2 −
〈r2p〉1/2 and the isospin asymmetry I = (N −Z)/A [228]
∆Rnp = 0.9I − 0.03, (65)
one can obtain the proton radii Rp =
√
5
3 [〈r2c 〉 − 0.64]
from the charge radii 〈r2c 〉1/2 =
√
3
5Rc and the neutron
radii Rn =
√
5
3
[〈r2p〉1/2 + ∆Rnp]. The nucleon positions
are sampled within the hard sphere with a radius Rp−wr
for the protons and Rn−wr for the neutrons, respectively.
Here, wr = 0.8 fm is to take into account the influence
of the width of the wave-packet in the coordinate space.
Only those initially prepared nuclei kept good ground
state properties and stable for a long enough time are
finally selected as the initial nuclei applied for the simu-
lation of the reaction.
For study of fusion reaction at near barrier energy, a
more fine procedure is adopted. Fig. 1 shows the average
density distribution of 208Pb and 132Sn with 500 events.
The solid symbols denote the results of the ImQMD
model at the initial time, in which the value of σr is ob-
tained based on the Eq.(39), and the curves denote the
corresponding results of the Skyrme Hartree-Fock calcu-
lations with the force SkM* [229]. One can find the event
averaged density distribution is in very good consistency
with the Skyrme Hartree-Fock calculation at given σr.
In version ImQMD-05 and ImQMD-Sky, the sampling
is treated less complicated than in the lower energy ver-
sion. The binding energy and nuclear radius are adopted
to select the reasonable initial nuclei, but the stability of
initial nuclei are not forced to keep very long time due
to the fact that the reaction time decreases quickly with
beam energy increases.
One should note that the initial fluctuation is in-
volved naturally in the QMD-type models. It comes
from the randomness of the position and momentum of
each particle at the initial time when each event is ini-
tialized under the macroscopic conditions. To illustrate
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FIG. 1: (Color online) Density distribution of 132Sn and 208Pb
at the initial time. The red for neutrons and the black for
protons. Taken from Ref. [218].
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FIG. 2: (Color online) The thick black line is the required
density profile, ρ(r) = ρ0 + 0.2ρ0sin(2pi/Lz). The lines with
different colors correspond to the density distribution from 10
different events.
the initial fluctuation in QMD type models, Fig. 2 shows
the density distribution sampled in the box with peri-
odic boundary condition. The required density profile
is ρ(r) = ρ0 + 0.2ρ0sin(2piz/L) with L=20 fm, which is
shown as black solid line. The color lines are the sam-
pled density profile in QMD approach from ten differ-
ent events. One can find that the profiles of the density
distribution fluctuate obviously. This initial fluctuation
propagates following the evolution of system controlled
by the equation of motion Eq. (7) and scattering process.
It plays important roles in many processes of heavy ion
reactions, for instance, in the MNT reaction, and multi-
framentation process. However, one should note it is not
as exactly same as the fluctuations due to many-body
correlations (i.e., fN (r1, ..., rN ,p1, ...,pN ), with N ≥2),
which is the main venue to go beyond dissipative mean
field dynamics. The physical fluctuation contributes part
of the random force in terms of macroscopic dynamical
model for heavy ion reactions [126, 139–141] and the
other part is from the scattering process [158, 230]. It
is still quantitatively unclear what is the strength of the
random force, so as the strength of fluctuation, in the
heavy ion reactions at different energies. How to extract
the initial physical fluctuation obviously needs further
study.
5. Cluster recognization
One obvious character of QMD approach is that it can
describe the cluster formation due to the N -body cor-
relations caused by the overlapping wave packets, initial
fluctuation, and nucleon-nucleon scattering process fluc-
tuation. They are identified by the cluster recognition
method in the real calculations at the end of simulation
time at which the dynamical process is finished. All the
fragments are still in excitation, and the secondary de-
cay is allowed. Thus, one can expect that the distance
between nucleons in the same fragment should not be
changed beyond the criteria of nucleon force range.
Based on this idea, the minimum spanning tree algo-
rithm is adopted to recognize the fragments. In this algo-
rithm, the nucleons with relative distances of coordinate
and momentum satisfying the conditions |ri − rj | < R0
and |pi − pj | < P0 are supposed to belong to a frag-
ment. Here, ri and pi are the centroid of the wave
packet for ith nucleon in their coordinate and momen-
tum space. R0 and P0 are phenomenological parame-
ters determined by fitting the global experimental data,
such as the intermediate mass fragments (IMF) multi-
plicities [148, 154]. They should roughly be in the range
of nucleon-nucleon interaction. Typical values of R0 and
P0 used in the QMD approaches are about 3.5 fm and
250 MeV/c [148, 154], respectively. This approach has
been quite successful in explaining some fragmentation
observables, such as the charge distributions of the emit-
ted particles, IMF multiplicities [148, 154], yield ratios of
free neutrons to protons (n/p), and the double n/p ratios
in heavy ion collisions [156].
On the other hand, the MST method fails to describe
other details in the production of nucleons and light
charged particles [148, 154, 231]. For example, while the
yields of Z = 1 particles are overestimated, the yields
of Z = 2 particles are underestimated partly because
the strong binding of α particle can not be well de-
scribed in transport models. Strong enhancements of the
productions of neutron-rich isotopes observed in isoscal-
ing [232], dynamically emitted heavy fragments [233] in
neutron-rich HICs, and neutron-rich light charged parti-
cles (LCP) at mid-rapidity [234] have not been described
well. Furthermore, most transport models predict more
transparency than that observed experimentally in cen-
tral collisions at intermediate energy [158, 235] due to
insufficient production of fragments in the mid-rapidity
region. Previous studies show that these problems cannot
be resolved by changing only the mean field or nucleon-
nucleon cross section in transport models.
There have been many attempts to improve the clus-
ter recognition algorithm. More sophisticated algo-
rithms such as the early cluster recognition algorithm
(ECRA) [236], the simulated annealing clusterization al-
gorithm (SACA) [237, 238], and the minimum span-
ning tree procedure with binding energy of fragments
(MSTB)[239], have been developed to provide better de-
scription of the IMF multiplicities or the average Zmax of
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the fragments. However, these algorithms do not address
the lack of isospin dependence in cluster recognition.
By considering the properties of neutron-rich nuclei,
such as neutron skin or neutron halo effect and Coulomb
effects, in Ref. [157] a method of cluster recognition,
namely, the iso-MST was proposed to mimic the isospin
dependence in the cluster formation, in which the dif-
ferent values of R0nn, R
0
np , and R
0
pp are chosen. It was
found that R0nn = R
0
np = 6 fm and R
0
pp = 3 fm give the
suitable description on the isospin related observables in
heavy ion collision at intermediate energies.
Our results show that the iso-MST method makes
the suppression of Z = 1 particles and enhancement
of fragments, especially for heavier fragments with
Z ≥ 12. Furthermore, we find enhanced production
of neutron-rich isotopes at mid-rapidity. Consequently,
isospin-sensitive observables, such as the double ratios,
DR(t/3He), and isoscaling parameter α increase to larger
values. The widths of the longitudinal and transverse
rapidity distributions of Z = 1− 6 particles also change.
In all the observables examined, the effects introduced
by the iso-MST algorithm are relatively small but in the
direction of better agreement with data [157].
D. Ultra-relativistic Quantum Molecular Dynamics
Model
In relativistic heavy ion collisions, kinds of baryons
and mesons can be produced and the relativistic ef-
fects should be well considered. It is known that the
UrQMD model inherits analogous principles as the QMD
model [210] in its mean-field part and the relativis-
tic QMD (RQMD)model[172] in the corresponding two-
body collision part. It is successfully extended to describe
HICs with beam energy starting from as low as several
tens of MeV per nucleon (low SIS) up to the highest one
available at CERN Large Hadron Collider (LHC).
In the UrQMD model [84, 171, 240, 241], it contains
55 different baryon species (including nucleon, ∆ and hy-
peron resonances with masses up to 2.25 GeV/c2) and 32
different meson species (including strange meson reso-
nances), which are supplemented by their corresponding
antiparticle and all isospin-projected states. The colli-
sion part of UrQMD has a good treatment on the se-
quence of collision/decay and on the frame dependence
issue by using the collision/decay time table in the com-
putational frame, where the collision time of baryons or
decay time of reasonances is calculated based on Eq. (58)
and Eq. (61), (62) and sorted according to the time or-
der. This method is much better for handling the reso-
nance particles’s collision and decay during the propaga-
tion time step [226]. When the beam energy is less than
200 GeV/nucleon, the above described algorithm predicts
that the particle multiplicities and collision numbers are
less than 3% between the laboratory frame and the cen-
ter of mass frame. Further discussion on the different
treatments on the attempted collision are reviewed and
compared in Ref. [226, 372].
In addition, based on the cascade mode which is also
constantly updated [242], it is also possible to incorporate
mean field interactions in the transport calculation. Since
the EOS based on the first-principle lattice QCD calcula-
tions is still not available in current model investigations,
two alternative methods to consider the strong influence
of EOS on the dynamics of the expanding system have
been tried by our group: the (mean-field) potential up-
dates [73, 74, 243] and the UrQMD+hydrodynamics hy-
brid mode [244, 245]. In recent years, some improvements
we incorporated in the UrQMD especially for HICs at
intermediate and low energies are, briefly, as follows: 1)
including and enriching the potentials such as the sym-
metry potential [246], the spin-orbit interaction [247], the
magnetic field effect [248], the potentials for produced
mesons [249, 250], as well as the Skyrme potential en-
ergy density functional [251, 252]; 2) incorporating the
medium corrections effects on the NN elastic cross sec-
tions [77, 170, 253]; 3) improving the Pauli blocking by
introducing the restriction of phase space for scattered
particles [170].
III. STUDY OF THE PHENOMENA AND THE
MECHANISM IN LOW-INTERMEDIATE
ENERGY HEAVY ION REACTIONS
A. Heavy ion fusion reactions
Searching for the limits of the existence of nuclei is of
fundamental importance for nuclear physics study. It is
known that demarcation line for existence of a nucleus
is driplines beyond which protons or neutrons leak out
of nuclei [25–61]. The proton dripline has been reached
for many isotopic chains. However, the neutron dripline
is known only up to oxygen (Z = 8). The superheavy
nuclide with Z = 118, A = 294 marks the current upper
limit of nuclear charge and mass. Thus, to search for the
way to produce new isotopes near driplines and super-
heavy nuclei becomes one of the most important tasks
in nuclear research. The heavy ion fusion reactions and
multi-nucleon transfer reactions are the most important
methods for this aim.
In heavy ion fusion reactions, it is of great impor-
tance to explore the nucleus-nucleus potential and the
formation process (neck dynamics) of compound nucleus,
which are usually affected by dynamic effects, nuclear
structure effects, isospin effects and so on. In this part,
we try to understand it in the framework of microscopic
transport model, ImQMD-v2, from the following points:
a) dynamical nucleus-nucleus potential, b) neck dynam-
ics and c) excitation function of fusion reaction, as they
are the most important and relevant aspects relating to
the reaction dynamics.
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1. Dynamical nucleus-nucleus potential
. The nucleus-nucleus potential is commonly described
as a function of the center-to-center distance between
the projectile and target nuclei, and consists of a repul-
sive Coulomb term and a short-ranged attractive nuclear
component. Obviously, it evolves with the time during
the reaction process, because the shapes of reaction part-
ners evolve with time due to the rearrangement of par-
ticles in the system. The nucleus-nucleus potential de-
pends on the reaction energy and the reaction system
(for example, the neutron-richness, the strength of shell
effects etc), which is named as the dynamical nucleus-
nucleus potential [254].
Generally, the nucleus-nucleus potential can be calcu-
lated based on the nucleon-nucleon interaction of reac-
tion system. By using the microscopic transport model,
ImQMD, one can calculate the dynamical nucleus-
nucleus potential microscopically [220] in which the den-
sities of the system and the relative distance R between
the two nuclei are functions of the evolution time.
When the projectile and target nucleus are well sepa-
rated (R R1 +R2) (R1 and R2 are the charge radii of
the projectile and the target nucleus, respectively), the
collective relative motion plays a dominant role and the
excitation energy of the reaction partners could be neg-
ligible. The nucleus-nucleus potential is thus expressed
as
V1 = Ec.m. − TR, (66)
where TR is the kinetic energy of relative motion of two
colliding nuclei, which can be obtained in the ImQMD
simulations since the position and momentum of each
nucleon can be recorded at every time step in the time
evolutions. Ec.m. is incident kinetic energy associated
with the motion of center of mass of the system. It is
related to the incident kinetic energy in laboratory E as
Ec.m. =
mB
mA +mB
E, (67)
with A and B are the projectile and target, respectively.
After the di-nuclear system is formed (R < R1 + R2),
the nucleus-nucleus potential is described by a way like
the entrance channel potential [255]
V2 = Etot(R)− E¯1 − E¯2, (68)
where Etot(R) is the total intrinsic energy of the compos-
ite system which is strongly dependent on the dynamical
density distribution of the system. E¯1 and E¯2 are the
time average of the energies of the projectile and target
nuclei, respectively, which are obtained from the energies
of the projectile-like and target-like nuclei in the region
RT < R < RT + 8. RT = R1 + R2 denotes the touch-
ing point. In the calculations of Etot(R), E¯1 and E¯2 in
Eq. (68), the extended Thomas-Fermi (ETF) approxima-
tion for the intrinsic kinetic energy of the reaction system
is adopted (see Refs. [220, 256] for details).
FIG. 3: (Color online) (a) and (c): Nucleus-nucleus poten-
tial for 16O+74Ge and 16O+148Nd. The circles and solid
curves denote the results of the ImQMD simulations and the
entrance-channel potential with the Skyrme-energy density
functional plus the ETF2 approach, respectively. The squares
denote the extracted most probable barrier height from the
measured fusion excitation function. (b) and (d): empiri-
cal barrier distribution function proposed in Ref. [43]. Taken
from Ref. [221].
The nucleus-nucleus potential is written as a smooth
function between V1 and V2,
Vb(R) =
1
2
erfc(s)V2 + [1− 1
2
erfc(s)]V1, (69)
and
s =
R−RT + δ
∆R
, (70)
with δ = 1 fm, ∆R = 2 fm. The obtained nucleus-nucleus
potential Vb(R) approaches to V1 with the increase of R,
and approaches to V2 with the decrease of R.
Fig. 3 shows the calculated dynamical nucleus-nucleus
potentials for fusion reactions 16O+74Ge and 16O+148Nd
by using the ImQMD model with the parameter set SkP*.
The blue curves denote the corresponding entrance-
channel potential with the Skyrme energy-density func-
tional plus the extended ThomasCFermi approximation
including the terms up to second order (ETF2) approach
in which the sudden approximation for the densities is
used. The empirical barrier distribution functions for
these two reactions are presented in Fig. 3 (b) and (d).
The dashed lines give the positions of the most proba-
ble barrier heights Bm.p.. The black squares denote the
extracted most probable barrier heights from the mea-
sured barrier distributions D(E) = d2(Eσfus)/dE
2 based
on the fusion excitation functions. For 16O+148Nd, the
statistics of the measured data for the fusion cross sec-
tions are not many enough to extract the most probable
barrier height. It was found that the dynamical barrier
height from the microscopic dynamics transport model
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depends on the incident energy in the fusion reactions
[220]. Here, the incident energy Ec.m. = 1.1Bm.p. in the
ImQMD simulations. The obtained dynamical barrier
height Bdyn ≈ Bm.p. at this incident energy for the fu-
sion events. The static potential barriers from the sudden
approximation for the densities are evidently higher but
relatively thinner than the dynamical ones. To reason-
ably reproduce the fusion excitation functions, the empir-
ical barrier distributions [see the sub-figures (b) and (d)
in Fig. 3] were proposed to take into account the nuclear
structure effects and the multi-dimensional character of
the realistic barrier in the ETF2 approach, and the value
of the peak is lower than the corresponding barrier height
from the entrance-channel potential which is based on the
spherical symmetric Fermi functions for the densities of
the two nuclei and the frozen-density approximation.
To understand the energy dependence of the potential
barrier from the view point of the dynamical effects, the
density distribution of the fusion events in 16O+186W at
Ec.m. = 66 MeV was investigated in Refs. [220, 256], and
the dynamical deformations of the reaction partners are
evident.
In Ref. [254], it was the first time to explore the en-
ergy dependence of the potential barrier. It was found
that the potential barrier around the Coulomb barrier in-
creases with incident energy increasing, and its up-limits
approaching the static one under the sudden approxi-
mation. The height of dynamic barrier decreases with
decrease of the incident energy, and finally approaches
low limit which is close to the adiabatic one.
2. Neck Dynamics
. The neck region is defined as connecting the projec-
tile and target nuclei during the reaction, where the den-
sity is lowest along the centers of projectile and target nu-
clei, and it could be neutron-rich warmed, un-compressed
region compared with the rest part of the reaction sys-
tem. It is known that the neck dynamics play important
roles in fusion-fission, light charged particle emission, and
so on.
Fig. 4 shows the time evolution of the density at neck
region in the fusion reaction 132Sn+40Ca at an incident
energy of Ec.m. = 115 MeV. Here, the density distribu-
tion of 328 fusion events over a total of 1000 simulation
events is studied for the head-on collisions with the pa-
rameter set IQ3a. At t = 400 fm/c, the reaction partners
begin to touch each other, and the ratio of neutron-to-
proton density ρn/ρp reaches 2.7 which is higher than the
N/Z of the compound nucleus by a factor of two. With
the increase of the density at neck, the value of ρn/ρp de-
ceases with some oscillations and gradually approaches
the corresponding neutron-to-proton ratio of the com-
pound nucleus (N/Z = 1.37). The extremely neutron-
rich density at the neck region can significantly suppress
the height of the Coulomb barrier for the fusion reactions
induced by neutron-rich nuclei at energies around and be-
FIG. 4: (Color online) Time evolution of the density at neck
region in fusion reaction 132Sn+40Ca at an incident energy of
Ec.m. = 115 MeV. (a) Ratio of neutron-to-proton density at
neck. The dash-dotted line denotes the corresponding ratio
of the compound nuclei. (b) Density of the fusion system at
neck. The sub-figures show the density distribution of the
fusion system at t = 400, 500 and 600 fm/c, with the red
and the blue curves for the neutrons and the others for the
protons. Taken from Ref. [218].
low the barrier. Furthermore, one can see from Fig. 4 (e)
that the surface diffuseness of the reaction partners at
the neck side is obviously larger than that at the other
side due to the transfer of nucleons.
3. Fusion cross sections
. It is known that the fusion potential between two
nuclei is closely related to the surface properties of the
nuclei. The neutron skin thickness of neutron-rich nu-
clei in heavy ion fusion reactions should affect the fusion
barrier and thus the fusion cross sections. To explore
the influence of the symmetry potential on the fusion
excitation function, the fusion cross sections of a num-
ber of fusion reactions are systematically investigated
with the ImQMD model by adopting different param-
eter sets. Through creating certain bombarding events
(hundreds to thousands) at each incident energy Ec.m.
and each impact parameter b, and counting the num-
ber of fusion events, we obtain the fusion probability (or
capture probability for reactions leading to super-heavy
nuclei) gfus(Ec.m., b) of the reaction, by which the fusion
(capture) cross section can be calculated:
σfus(Ec.m.) = 2pi
∫
b gfus db ' 2pi
∑
b gfus ∆b. (71)
To consider the influence of the Coulomb excitation,
the initial distance d0 between the projectile and tar-
get should be much larger than the fusion radius. The
collective boost to the sampled initial nuclei is given by
Ekin = Ec.m. − Z1Z2e2/d0 at the initial time, with the
center-of-mass energy Ec.m., the charge number Z1 and
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FIG. 5: (Color online) Fusion probability of the fusion re-
actions with IQ3a as a function of impact parameter b for
different beam energy (in MeV). Taken from Ref. [218].
Z2 for the projectile and target nuclei, respectively. Here,
the initial distance between the reaction partners at z-
direction (beam direction) is taken to be d0 = 30 fm for
the intermediate reaction systems and 40 fm for the ones
with stronger Coulomb repulsion such as 132Sn+40Ca. In
the calculation of the fusion (capture) probability, event
will be counted as a fusion (capture) event if the center-
to-center distance between the two nuclei is smaller than
the nuclear radius of the compound nuclei (which is much
smaller than the fusion radius) and the time evolution
will be terminated for those events that will not going to
fusion in order to save the CPU time.
As an example, Fig. 5 shows the calculated fusion prob-
ability as a function of impact parameters. For the fu-
sion reactions at energies above the Coulomb barrier,
the fusion probability looks like a Fermi distribution, i.e.
the fusion probability is about one for the central and
mid-central collisions. At energies around the Coulomb
barrier, the fusion probability decreases quickly with the
impact parameter, which implies that the centrifugal po-
tential due to the angular momentum affects the results
significantly at this energy region.
A number of fusion reactions were studied with the
ImQMD [220, 256]. As examples, the fusion excitation
functions for 16O+76Ge and 16O+154Sm are shown in
Fig. 6. The experimental data can be reproduced very
well at energies around the barrier. We also note that
in the present version of ImQMD model, the surface dif-
fuseness of heavy nuclei is slightly over-predicted due to
the approximate treatment of the Fermionic properties
of nuclear system, which causes the over-predicted fu-
sion cross sections at sub-barrier energies for the reac-
tions with heavy target nuclei. In addition, for the fu-
sion reactions with doubly-magic nuclei such as 208Pb,
the fusion cross sections at sub-barrier energies are sig-
nificantly over-predicted by the ImQMD calculations due
to the neglecting of the shell effects. The strong shell ef-
fect of nuclei can inhibit the dynamical deformation and
nucleon transfer, and therefore inhibit the lowering bar-
rier effect. For some neutron-rich fusion systems such as
FIG. 6: (Color online) Fusion excitation functions of
16O+76Ge and 16O+154Sm. The solid circles denote the ex-
perimental data taken from [257] and [38], respectively. The
blue curves denote the results with an empirical barrier dis-
tribution in which the fusion barrier is obtained by using the
Skyrme energy-density functional together with the extended
Thomas-Fermi (ETF2) approximation [43, 44]. The solid
squares and open circles denote the results of ImQMD with
the parameter set SkP* and IQ3a, respectively. The statisti-
cal errors in the ImQMD calculations are given by the error
bars. The arrows denote the most probable barrier height
based on the barrier distribution function adopted in the
ETF2 approach. Taken from Ref. [218].
40Ca+96Zr and 132Sn+40Ca, the results of the ImQMD
model are relatively better, which could be due to that
the neutron-rich effect is more evident than the shell ef-
fect in these reactions.
B. Multi-nucleon transfer reactions
The synthesis of nuclei towards driplines and super-
heavy nuclei, has been of experimental [258–269] and
theoretical interest [222, 223, 270–278]. Fusion reactions
with stable beams as the traditional approach to suc-
cessfully synthesize the superheavy elements (SHEs) with
Z = 107 − 118 in the last forty years [279–290]. Up
to now, the number of observed extremely neutron-rich
nuclides is still very limited and about 4000 masses of
neutron-rich nuclides in nuclear landscape are unmea-
sured. For the new nuclei in the ‘northeast’ area of the
nuclear map, it is difficult to be reached in the fission re-
actions and thus fragmentation processes are widely used
nowadays. Due to the ‘curvature’ of the stability line, it
is also difficult for reaching these new more neutron-rich
nuclei in fusion reactions with stable projectiles because
of the lack of neutron number.
The revival interest of MNT reaction in intermediate
systems or between actinide nuclei at low-energy colli-
sions has arisen [55, 115, 291] for synthesis of the un-
known nuclei and superheavy nuclei. As one of the effi-
cient method to produce very neutron-rich nuclei, which
are important for understanding nuclear structure at the
extreme isospin limit of the nuclear landscape, the MNT
reaction may overcome the limits that the number of
observed neutron-rich nuclides is very limited at mass
region A > 160, due to that neither traditional fusion
reactions with stable beams nor fission of actinides eas-
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FIG. 7: (Color online) Mass-TKE distribution in the calcula-
tion of 86Kr+64Ni at the incident energy of 25 MeV/nucleon.
Taken from Ref. [219].
ily produce new neutron-rich heavy nuclei in this region.
The MNT process should compete with fusion process
as well as elastic and inelastic scattering for interme-
diate mass nuclear systems. With the increase of sys-
tem charge, fusion process is gradually suppressed and
completely forbidden for actinide nuclear system due to
strong Coulomb repulsion. So, it is interesting to inves-
tigate how the MNT reaction mechanism evolves with
the size of nuclear system. Here we study the MNT re-
actions for three reaction systems corresponding to dif-
ferent nuclear size region : 1) MNT in 86Kr+64Ni at 25
MeV/nucleon; 2) 154Sm+160Gd at Ec.m.=440 MeV (=5.6
MeV/nucleon) ; and 3) 238U+238U at 7 MeV/nucleon.
As a N -body and microscopic dynamical model, the
ImQMD model has been used to study MNT reactions in
heavy ion reactions because a large number of degrees of
freedom, such as those in the excitation and deformation
of projectile and target, neck formation, nucleon transfer,
different types of separation of the composite system, and
nucleon emission can be considered simultaneously.
Fig. 7 shows the mass vs total kinetic energy (mass-
TKE) distribution in the ImQMD-v2.2 calculations for
different impact parameters for the reaction 86Kr+64Ni
at 25 MeV/nucleon [219]. The incident energy is much
higher than the Coulomb barrier, which is very suitable
for studying the competition among fusion, quasi-elastic
scattering, deep inelastic scattering and multifragmenta-
tion. As shown in Fig. 7, at central collisions, fusion and
binary scattering (quasi-elastic and deep-inelastic scat-
tering leading to multi-nucleon transfer) play equal im-
portant role. And with the increase of impact param-
eter, the fusion probability approaches to zero gradu-
ally, whereas the binary scattering events including the
MNT process becomes dominate. Other processes such
as ternary breakup and multifragmentation process at
this energy also take place. One can see that in central
collisions, the neck of the di-nuclear system can be well
formed and quickly broadened at such an incident energy
and many nucleons are transferred between projectile and
target, and the kinetic energy of the relative motion be-
tween two colliding nuclei is significantly dissipated to
the excitation energy of the composite system. As a con-
sequence, the masses of fragments are distributed in a
much broader region, in which the products come from
quite different reaction processes, such as fusion, binary
breakup, ternary breakup and as well as multifragmen-
tation. With the increase of impact parameter, the mass
distribution becomes narrower due to decrease of nucleon
transfer between reaction partners.
The production cross sections of isotopes are calcu-
lated by using the ImQMD model (ImQMDv2.2 version)
together with a statistical code [292] for describing the
secondary decay of fragments. The mass distributions of
elements Z = 30 to Z = 35 are in good agreement with
experimental data as shown in Fig. 8.
FIG. 8: (Color online) The isotopic distributions for elements
from Z = 30 − 35 in 86Kr+64Ni at 25 MeV/nucleon. Taken
from Ref. [219].
The second reaction system used to produce very
neutron-rich nuclei by MNT reaction is the neutron-rich
reaction system 154Sm+160Gd. It was investigated by
Ning Wang et al. [293] to study the production of new
neutron-rich lanthanides at Ec.m.=440MeV. The dynam-
ical study by the ImQMD model (ImQMD-v2.2) shows
that it is impossible to produce super-heavy nuclei in this
reaction due to the disappearance of the capture pocket
and the rapid increase of the potential with decreasing
of the relative distance, it might produce new neutron-
rich nuclide during the deep inelastic scattering process
and moreover the fission barriers of lanthanides are rel-
atively high to prevent fission of heavy fragments in the
secondary decay process. Therefore this reaction is inter-
esting for the synthesis of unmeasured lanthanides. By
using the same approach used in the reaction 86Kr+64Ni
at 25 MeV/nucleon where the measured isotope distribu-
tion of products were reasonably well reproduced [219],
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the productions of unknown neutron-rich nuclei for re-
action 154Sm+160Gd at Ec.m.=440 MeV are calculated.
More than 40 extremely neutron-rich unknown nuclei
with Z between 58 − 76 are observed and the produc-
tion cross sections are at the order of µb to mb as shown
in Fig. 9. The contour plots are the production probabil-
ities of fragments in logarithmic scale for 154Sm+160Gd
at the energy of Ec.m.=440MeV. The curves denote the
β-stability line described by Greens formula. The circles
denote the positions of known masses in AME2012. The
results show that multi-nucleon transfer in the neutron-
rich reaction system 154Sm+160Gd is an efficient way to
produce new neutron-rich lanthanides. By analyzing the
angular distribution of the produced heavy fragments, it
is suggested that 20◦ < θlab < 60◦ might be a suitable an-
gular range to detect these extremely neutron-rich heavy
nuclei.
FIG. 9: (Color online) Contour plots are the production prob-
abilities of fragments in logarithmic scale for 154Sm+160Gd
at the energy of Ec.m.=440 MeV. The curves denote the β-
stability line described by Greens formula. The circles de-
note the positions of known masses in AME2012. Taken from
Ref. [294].
The third reaction system we studied is the 238U+238U.
For elements with Z>100 synthesized by “cold fusion”
with lead and bismuth targets and “hot fusions” with
actinide targets, only neutron-deficient isotopes were pro-
duced compared with the centers of superheavy elements.
At present, the pathway to reach beyond Z = 118 is
not clear. It is well known that any further experimen-
tal extension of the region of SHEs to the center of the
predicted first island of stability by means of complete
fusion is limited by the neutron number of available pro-
jectiles and targets and by the very low production cross
section as well. The strongly damped reactions between
very heavy nuclei, such as U+U (between actinide nu-
clei) by MNT, could be one possible approach for those
purposes [46, 52–54, 109–112, 270].
The theoretical description of the strongly damped re-
actions between very heavy nuclei, is one of the most
difficult problems in nuclear physics due to the ex-
tremely large number of degrees of freedom involved.
This motivates the use of microscopic dynamical ap-
proaches. The ImQMD model incorporating the sta-
tistical decay model (HIVAP) for describing the decay
of primary fragments was used to study the reaction
238U+238U at 7 MeV/nucleon (see references Kai Zhao,
et al. [223, 275, 276]). In order to calculate the iso-
tope production cross sections of primary and residual
fragments for reactions between two actinide nuclei, an
empirical model for describing the mass distribution of
fission fragments of fissile nuclei was introduced and in-
corporated with the statistical decay model (details see
Ref. [223]).
Fig. 10 shows the comparison between the calculated
results of the mass distribution of the products in reac-
tion of 238U around 7 MeV/nucleon and the data [266].
The same scattering angle cut as in the experimental data
is selected, that is, only fragments with scattering angles
of 56◦ < θc.m. < 84◦ and 96◦ < θc.m. < 124◦ in the
center-of-mass frame are selected [223, 266]. The open
triangles in the figure are the calculation results and the
experimental mass spectra from Ref. [266] are indicated
by solid squares, open squares, solid circles, open circles,
and solid triangles for incident energies of 6.09, 6.49, 6.91,
7.10, and 7.35 MeV/nucleon, respectively. From the fig-
ure, we find that the behavior of the calculated mass dis-
tribution at 7.0 MeV/nucleon is generally in agreement
with the data at the incident energy 7.10 MeV/nucleon,
except that the yields at the mass region from 170 to 210
are overestimated compared with the experimental data.
The most important features of mass distribution are
considered to be the following: (1) A dominant peak
around uranium is observed; this can be attributed to the
contribution of the reactions with large impact parame-
ters, (2) A steep decreasing yield above U with increasing
mass number appears. The products at this mass region
stem from large mass transfer in small-impact-parameter
reactions. (3) A small shoulder can be seen in the dis-
tribution of the products around Pb, compared with the
products with a mass near and smaller than uranium
for which the yields decrease exponentially as mass de-
creases. The appearance of the small shoulder is due to
the very high fission barrier around Pb. The central and
semicentral collisions, and even reactions with b = 8−10
fm, contribute to the shoulder in the region around Pb.
(4) In the region below A ≈ 190, a double hump dis-
tribution is observed. This is clearly due to the fission
of actinide and transuranic nuclei, which results in the
superposition of symmetric and asymmetric fission.
Fig. 11 presents the isotopic production cross sec-
tions σ(Z,A) for primary (open symbols) and residual
fragments (solid symbols) with charge numbers from
Z = 94 to 101 in the reaction of 238U + 238U at 7.0
MeV/nucleon. An angle cut of 32.5◦ ∼44.5◦ in labora-
tory system as same as that in the experiment [259, 265]
is taken. The experimental data and calculation results
from Refs. [259, 265] denoted by black solid stars and
blue lines, respectively, are also shown in the figure for
comparison. One sees that the experimental data are
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FIG. 10: (Color online) Mass distribution of the products of
reaction 238U+238U at different beam energies. In the con-
text, we named the beam energies as MeV/nucleon. Taken
from Ref. [223].
FIG. 11: (Color online) The isotopic distributions for ele-
ments from Pu to Md in 238U+238U at 7 MeV/nucleon. Taken
from Ref. [275].
generally reproduced, except the mendelevium isotopes
(Z = 101), which was not detected in the experiment
yet. Comparing the isotope distributions for primary
and residual fragments, we can find the following three
features, i.e., the widths of the isotope distributions for
residual fragments are much smaller than those for pri-
mary fragments for the same element; the peaks in the
isotope distributions for residual fragments shift to less
neutron-rich side compared with those for primary frag-
ments; the production cross sections for the most prob-
able residual transuranium fragments (Z = 96 − 101)
decrease almost exponentially with the increase of frag-
ment charge number. From the isotopic cross section
σ(Z,A) for primary fragments and residual fragments,
we can calculate the cross section σ(Z) =
∑
A σ(Z,A),
and the most probable mass number AZ for the isotope
distribution through σ(Z,AZ) = max [σ(Z,A)] for each
element.
Fig. 12 shows the cross sections for primary fragments
FIG. 12: (Color online) The landscape of the cross sections
for primary fragments and residual fragments produced in
238U+238U at 7 MeV/nucleon. Taken from Ref. [276].
with Z ≥ 70 which are plotted by black contour lines for
the reaction 238U+238U at 7.0 MeV/nucleon. It shows
that a large amount of primary fragments are produced
via proton and neutron transfer between projectile and
target. And the most probable isotopes of primary frag-
ments are located near the line with the isospin asymme-
try close to that of 238U (the isospin asymmetry is 0.227)
on the nuclear map. The superheavy primary fragment
(114, 184) (the isospin asymmetry is 0.235) at the center
of the first ‘island of stability’ denoted by cross symbol
in red color is not far from this line. The production
cross sections for residual fragments are shown by col-
ored rectangles. It can be found that the production cross
sections for most of transactinide nuclei are smaller than
10−8 mb because it is difficult for those primary frag-
ments to survive against fission due to very low fission
barrier. For comparison, the area of known nuclei taken
from Ref. [295] is presented by the magenta thick line in
the figure, and one can find that quite a few unknown
neutron-rich isotopes at the ‘northeast’ area of nuclear
map can be produced through multinucleon transfer in
this reaction.
For the predicted production of light uranium-like el-
ements with Z < 92, we find that they can reach the
border of the proton-rich side of known nuclei in the nu-
clear map. Because of the high fission barrier, the light
uranium-like primary fragments can survive against fis-
sion more easily and de-excite through neutron evapora-
tion leading to the production of proton-rich nuclei.
C. Low-intermediate and intermediate-high energy
heavy ion collisions
With the beam energy increasing, the reaction sys-
tems are compressed much more and are highly excited
than low energy heavy ion reactions. It leads the sys-
tem breaking up into much more fragments, three, four,
five and more, i.e. from binary fission, ternary fission,
to multifragmentation during its expansion phase. The
phenomena appeared in this energy region are very rich.
One of the characteristic phenomenon is the multifrag-
mentation, which was considered as a signal of liquid-gas
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phase transition. The mechanism of mutifragmentation
is still an interesting topic now. Another important phe-
nomenon is the collective flow which reflects the collective
motion of emitted nucleons or light charged particles due
to the pressure gradient between the participant and the
spectator, and thus the collective flow can be used to
obtain the stiffness of EOS. Above the threshold energy
for ∆ production, the resonances appear in the high den-
sity region due to the nucleon-nucleon inelastic collisions,
and then followed by the production of the mesons. The
yields of different kinds of mesons and the ratios between
different charged mesons are supposed to be sensitive to
the EOS at suprasaturation density. In this chapter, we
will make a review of above phenomena appeared in inter-
mediate energy heavy ion collisions and the calculations
based on ImQMD and UrQMD models.
1. Fragmentation mechansim
As beam energy increases, a ternary breakup was ob-
served experimentally for reaction 197Au+197Au at 15
MeV/nucleon [296]. The ternary breakup observed in
this reaction has two characters: (a) the masses of three
fragments are in comparable size [296] and (b) the three
fragments are nearly aligned along a common resepara-
tion axis [297, 298]. The ternary breakup reaction ex-
plored in the experiment is completely different from the
commonly known formation of light charged particle ac-
companied binary fission. The features observed in the
ternary breakup reaction between two 197Au nuclei in-
dicate that the strong dissipation plays important role
in the reaction process, and the deep study of ternary
breakup can help us to understand the interplay between
the one-body or two-body dissipation mechanism.
The ImQMD model is a suitable approach to study the
reaction mechanism because in principle, the dissipation
from nucleonic potential and nucleon-nucleon collisions,
diffusion and correlation effects from classical N -body
system are all included in the model without introducing
any freely adjusting parameter, and thus, it was applied
to study the microscopic mechanism of this new type
ternary breakup reaction by Tian et al. [299]. In Ref.
[299] the ternary breakup events were selected accord-
ing to the condition given by experiment (see Ref. [296]),
and the microscopic mechanism of the ternary break was
studied by the event tracking with the ImQMD-v2 simu-
lation. Fig. 13 shows the comparison between the calcula-
tion results and experimental data for the mass number
distributions of the heaviest fragment A1, the middle-
mass fragment A2, and the lightest fragment A3 in the
ternary breakup reactions of 197Au+197Au at energy of
15 MeV/nucleon. The histograms denote the experimen-
tal data of Ref. [296] and the lines with open circles are
the calculation results. Clearly, the calculations repro-
duce the experimental data rather well.
The event tracking in Ref. [299] explored that in the
most of ternary breakup events, two 197Au nuclei had
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FIG. 13: Mass number distributions of (a) the heaviest A1,
(b) middle-mass A2, and (c) the lightest A3 fragments in
selected ternary reactions of 197Au+197Au at energy of 15
MeV/nucleon. The histograms denote the experimental data
come from Ref. [296], the lines with open circles are the calcu-
lation results with the ImQMD model. Taken from Ref. [299].
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FIG. 14: (Color online) An example of direct ternary events
for 197Au+197Au at 15 MeV/nucleon with b= 2 fm. Taken
from Ref. [299].
long contact time (about 1000 fm/c or even longer ) and
a transient composite system was formed before sepa-
rating into two parts, i.e. the projectile-like fragment
(PLF) and target-like fragment (TLF) parts with large
nucleon transfer. The snapshots of the time evolution of
the ternary breakup process are showed in Fig. 14, which
presented the composite system elongating and forming
a neck led to system re-separate and then the PLF (or
TLF) further quickly separated into two fragments within
a time of about 100 fm/c or little short or little longer.
An analysis of the correlation between A1, A2, and
A3 was also performed in Ref. [299] in order to fur-
ther study the mechanism of the ternary breakup pro-
cess. The distribution of mass asymmetry of A3 with
respect to A1 andA2, i.e. η1 = (A1 −A3)/(A1 +A3) and
η2 = (A2−A3)/(A2+A3), for different impact parameters
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FIG. 15: Mass asymmetry η1 (up) and η2 (down) probability
distribution for impact parameters from b=0 fm to 12 fm
for 197Au+197Au at energy 15 MeV/nucleon. Taken from
Ref. [299].
are given in Fig. 15. It can be found that the probability
distributions of η1 for central and semi-central collisions (
0−6 fm) are of the Wigner-like distributions while those
of η2 for all impact parameters are of the Poisson-type
ones. From the point of view of probability theory, it im-
plies that there exists a certain correlation between frag-
ments A1 and A3 and no correlation between A2 and A3,
which is obviously in consistence with the event tracking
analysis discussed previously. From the view point of dy-
namics, the ternary breaking up in central collisions are
in the sequence of (A1 +A3)+A2 and then A1 +A3 +A2.
It means the stronger correlations for A1 and A3 is kept
during the evolution, while the correlations between A1
and A3 is weaken as the impact parameter increases.
More crucial information on the mechanism of the
studied ternary processes comes from the features of the
PLF breakup in its rest frame in the reaction plane. The
basic information can be obtained from velocity vectors
of the PLF fragments F1 and F2, and TLF in the labo-
ratory reference frame (see Ref. [299]). In Fig. 16, we
present the schematic view of the definition of the out-
of-plane angle θ, in-plane angle φ, and the angle of the
separation axis with respect to the beam direction θcm.
The reaction plane is defined by the beam direction and
the direction of vector of ~VPLF − ~VTLF . This definition
is as the same as in Refs. [298, 300].
Fig. 17 shows the results of the out-of-plane angle θ
and the azimuthal angle φ distributions of fragments from
PLF → F1 + F2 breakup, and as well as the angle θcm
distribution obtained from the ImQMD model simula-
tions. The experimental results from Ref. [298] are also
shown as red symbols in the figure. Fig. 17 clearly tells
us that the most of ternary breakup reaction events are
in the reaction plane and three fragments are approxi-
mately aligned. The study of the ternary breakup reac-
tion of 197Au+197Au indicates that the fusion reaction of
two very heavy nuclei at energies about 15 MeV/nucleon
or higher is forbidden because of the strong Coulomb re-
pulsion but a transient composite system may be formed
FIG. 16: Schematic view of the reaction in a cascade ternary
event, in which the TLF and PLF are formed in the primary
deep-inelastic process, and followed by a consecutive break-up
from one of the two fragments. Taken from Ref. [300].
due to the strong dissipation (strong dumped reaction).
The formed transient composite system elongates then
breaks up into two parts namely, the PLF and the TLF
followed by a further breakup of PLF (or TLF) after a
short time, leading to a ternary breakup reaction. Simi-
lar mechanism can be extended to quaternary reactions.
Furthermore, one could expect that accompanied light
particle emission should have different rapidity distribu-
tions for different kinds of breakup mode. Based on this
idea, we also analysis the rapidity distributions for light
charged particles in binary, ternary and multi- break-up
modes.
Fig. 18 presents the time evolution of the density con-
tour plots for typical event of reaction 64Zn+64Zn at
Ebeam=35 MeV/nucleon which could be the onset energy
of multifragmentation [301]. The results are obtained by
the ImQMD05 calculations with soft symmetry energy
case, i.e. γi=0.5, where γi is the symmetry potential en-
ergy coefficients in Eq. (42). As shown in Fig. 18, the
system breaks via different break-up modes, such as bi-
nary, ternary and multifragmentation break-up modes,
i.e. (f1), (f2) and (f3), with different probabilities due
to the fluctuations which automatically appears in the
QMD type models. It is clear that different break-up
modes obviously lead to different emission patterns as
well as the different angular and rapidity distributions of
LCPs and fragments (for example, Fig. 18(f1)-(f3)).
To quantitatively understand the correlation between
the break-up modes and LCPs emissions, we plot the ra-
pidity distributions of the yields of LCPs corresponding
to three kinds of break-up modes, binary (square sym-
bols), ternary (circle symbols) and multifragmentation
(triangle symbols) in Fig. 19. Fig. 19 presents the ra-
pidity distribution of light charged particle 3He and 6He
for 64Zn+64Zn at mid-peripheral collisions. Panel (a)
and (b) are for neutron-poor particle, i.e., Y(3He), (c)
and (d) are for neutron-rich particles, i.e., Y(6He). Left
panels are for symmetry potential coefficient γi= 2.0 and
right panels are for γi=0.5. The rapidity distributions for
the yields of 3,6He are normalized to per event. It is clear
that the binary and ternary modes tend to produce more
3He and 6He at midrapidity than the multifragmentation
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FIG. 17: (Color online) Angular distributions of fragments
(a) out-of-plane angle θ, (b) θcm, and (c) azimuthal angle φ
in cascade ternary reactions. The line with solid circles is
the calculated results with the ImQMD model, and the line
with triangles denotes experimental data [298]. Taken from
Ref. [299].
FIG. 18: (Color online) Time evolution of the density contour
plots for 64Ni +64 Ni at Ebeam=35 MeV/nucleon for b = 4 fm
from typical events which are calculated with γi = 0.5. Taken
from Ref. [301].
breakup mode does. The difference among the yields of
neutron-rich light particle Y(6He) in the binary, ternary
modes and multifragmentation break-up modes is larger
compared with that for Y(3He) due to stronger isospin
migration. For example, for γi=2.0, the yield of
3He at
yr ≈ 0 from binary mode is 35% larger than that from
multifragmentation mode, but the yield of 6He at yr ≈
0 from binary mode is 70% larger than that from mul-
tifragmentation break-up mode. Consequently, one can
expect that the different break up modes lead to different
shape of rapidity distribution of LCPs.
FIG. 19: (Color online)(a) and (b) are the reduced rapidity
(yr) distribution for the yield of
3He, i.e., Y(3He), with binary
(square symbols), ternary (circle symbols) and multifragmen-
tation (triangle symbols) break-up modes. (c) and (d) are for
Y(6He). (a) and (c) are the results with γi = 2.0, (b) and (d)
are for γi = 0.5. All of those results are for
70Zn +70Zn at
Ebeam=35 MeV/nucleon for b = 4 fm. Taken from Ref. [301].
2. Fluctuation and chaoticity in liquid-gas phase transition
The theoretical studies on the properties of nuclear
matter predict existing a liquid-gas phase transition at
temperature of about 10-20 MeV and subnormal den-
sities. A considerable progress has been made on the
theoretical study as well as on the experimental side in
order to define and collect a converging ensemble of sig-
nals connecting multifragmentation to the nuclear liquid-
gas phase transition in last couple decades [3, 302–308].
The fluctuation in spinodal region was thought as one of
the origins of liquid-gas phase transition in finite nuclear
system. An anomalous increase of fluctuation at a phase
transition and a rapid increase of chaoticity at the mi-
croscopic level stimulate further study of the dynamics
of liquid-gas phase transition in nuclear systems.
A way to characterize the dynamics in the phase transi-
tion is to calculate the largest Lyapunov exponent (LLE).
The largest Lyapunov exponent is defined as [309–311]
λ = lim
n→∞
1
nτ
ln
||d ~Xn||
||d ~X0||
. (72)
The quantity ||d ~Xn|| is the phase space distance between
two trajectories corresponding to two concerned events
at time t = nτ , more details of definition can be found in
Ref. [311]. The LLE is a measurement of the sensitivity
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of the behavior of a system to initial condition and also
gives an idea of the velocity at which the system explores
the available phase space, and a positive Lyapunov ex-
ponent may be taken as the defining signature of chaos.
For the case of nuclear fragmentation, a nucleus at a
highly excited state eventually breaks into several frag-
ments with nucleons and light particles, where a given
trajectory for the system in the phase space will never
come back close to the initial state of the system. So a
local-in-time LLE over an ensemble of trajectories whose
initial conditions are consistent with the nuclei at a given
excitation energy should be used. Thus, the time scales
of the inverse LLE compared with density fluctuation
become more relevant. If the time scale for density fluc-
tuation is much longer than the inverse largest Lyapunov
exponent it indicates that the dynamics during fragmen-
tation of the nuclear system is chaotic enough. In this
way the LLE calculated over an ensemble of trajectories
can carry the full information of dynamics of the systems
in multifragmentation.
Fig. 20 shows the correlations between the LLE, i.e. λ,
and the density fluctuation σ2ρ at different temperatures
from 3 to 19 MeV for systems of 124Sn of [Fig. 20 (a)]
and 208Pb of [Fig. 20 (b)]. The density fluctuation σ2ρ is,
σ2ρ =
< ρ2(t) > − < ρ(t) >2
< ρ(t) >2
, (73)
with
< A >=
∫
Aρ(r, t)dr, (74)
and the integration is over whole space. One can see
that the maximum values of both the LLE and density
fluctuation are located at the same temperature, i.e., the
critical temperature. There are two branches in λ ∼ σ2ρ,
one corresponding to the temperature lower than the crit-
ical temperature and another corresponding to the tem-
perature higher than the critical temperature. For the
low temperature branch, both the λ and σ2ρ increase as
the temperature increases, whereas for the high temper-
ature branch they increase as the temperature decreases.
Both branches show that the λ increases roughly linearly
with σ2ρ. This correspondence between the λ and σ
2
ρ
is qualitatively consistent with the discussion based on
Refs. [312, 313].
3. Collective flow
Collective flow is a motion characterized by space-
momentum correlations of dynamic origin, and it carries
the information of the pressures generating that motion,
the EOS, the in-medium NN cross sections and other
properties of the strongly-interacting matter.
As shown in Fig. 21, the flows that have been identified
so far are radial, directed, elliptic, triangle flow and high
order flow, described by the corresponding coefficients
FIG. 20: The relation between the LLE and the density fluc-
tuation at temperatures from 3 MeV to 19 MeV for systems
of 124Sn (a) and 208Pb (b). Taken from Ref. [311].
of the components of the Fourier decomposition of the
azimuth angle distribution of emitted particles
dN
dφ
= p0(1+2v1 cosφ+2v2 cos 2φ+2v3 cos 3φ+...), (75)
v1 is the directed flow, and v2 the elliptic flow, v3 the
triangle flow.
The ImQMD05 model were applied to study the
directed and elliptic flows and stopping power in
197Au+197Au reaction at energies lower than 0.4
GeV/nucleon by using SkP, SkM*, SLy7 and SIII Skyrme
interaction parameter sets and compared with the exper-
imental data of INDRA, FOPI and Plastic Wall taken
from Ref. [314] and it was found that the SkP and
SkM* best fit to the data when the energy dependent
in-medium NN elastic cross sections were used [154]. As
an example, Fig. 22 shows the excitation function of el-
liptic flow parameters at midrapidity (|y/ycmbeam| < 0.1)
for Z ≤2 particles for 197Au+197Au collisions at b = 5
fm [the reduced impact parameter b/bmax equals 0.38
and bmax = 1.15(A
1/3
P + A
1/3
T )]. The general behavior of
the excitation functions of elliptic flow parameters v2 cal-
culated with different Skyrme interactions is similar, i.e.,
the elliptic flow evolves from a preferential in-plane (rota-
tional like) emission (v2 >0) to out-of-plane (squeeze out)
emission (v2 <0) with an increase of energies. Clearly,
one can see that the harder EOS provides stronger pres-
sure which leads to a stronger out-of-plane emission and
thus to a smaller transition energy. The transition en-
ergies calculated with SkP and SkM* agree with exper-
imental data [314], while those with SIII and SLy7 are
too small compared with experimental data.
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FIG. 21: (Color online) Overview of the dynamics for a
Au+Au collision. Time increases from left to right, the center
of mass is at r=0, and the orientation of the axes is the same
throughout the figure. The trajectories of projectile and tar-
get nuclei are displaced relative to a head-on collision by an
impact parameter of b=6fm. The three-dimensional surfaces
(middle panel) correspond to contours of a constant density
ρ ∼ 0.1ρ0. The magenta arrows indicate the initial veloci-
ties of the projectile and target (left panel) and the velocities
of projectile and target remnants following trajectories that
avoid the collision (other panels). The bottom panels show
contours of constant density in the reaction plane (the x-z
plane). The outer edge corresponds to a density of 0.1ρ0, and
the color changes indicate steps in density of 0.5ρ0. The back
panels show contours of constant transverse pressure in the
x-y plane. The outer edge indicates the edge of the matter
distribution, where the pressure is essentially zero, and the
color changes indicate steps in pressure of 15 MeV/fm3. The
black arrows in both the bottom and the back panels indicate
the average velocities of nucleons at selected points in the x-z
plane and x-y planes, respectively. Taken from Ref. [24].
FIG. 22: Excitation functions of elliptic flow parameters
at midrapidity for Z ≤ 2 particles from midcentral collisions
of 197Au+197Au calculated with SkP, SkM*, SLy7, and SIII
Skyrme interactions. The calculated results are given in the
same rotated reference frame as that used for the experimen-
tal data, which are taken from [314]. Inset shows pressure as
a function of density calculated with the four Skyrme inter-
actions. Taken from Ref. [154].
For the flow effect at further higher energy heavy ion
collisions, it is more suitable to use the UrQMD model.
The direct and elliptic flow for protons and light charged
particles d, t, and 4He at a wide range of beam energies
were studied and compared with experimental data [315–
318]. In Fig. 23, the excitation function of elliptic flow of
protons for reaction 197Au+197Au at energies from SIS
to RHIC is presented. The UrQMD model in its cas-
cade (UrQMD2.2) and a mean field mode with the HM-
EOS and with the DBHF-like medium modification on
nucleon-nulceon elastic cross sections are employed. The
rapidity cut of |y| <0.1 has been used because this is the
appropriate one to compare with the data at lower ener-
gies. Due to this cut, the calculation of the cascade mode
(without nuclear potential) reaches negative values at low
energies. With inclusion of nuclear potential, the model
is in line with experimental data at both SIS and AGS
energies. In recent years, for a better description of ex-
perimental data at SIS energies, the surface and the sur-
face asymmetry energy terms from the Skyrme potential
energy density functional are further incorporated into
the UrQMD model [252, 319, 320]. It is found that, with
a proper parameter set on the in-medium NN cross sec-
tion, the published collective flow and nuclear stopping
data in HICs at intermediate energies can be reproduced
well [170, 249, 250, 252, 253, 319–322].
FIG. 23: (Color online) The calculated energy excitation
function of elliptic flow of protons in Au+Au/Pb+Pb colli-
sions in mid-central collisions (b = 5 − 9 fm)with |y| < 0.1
(full line). This curve is compared to data from different ex-
periments for mid-central collisions [315–318]. The dotted
line in the low energy regime depicts UrQMD calculations
with nuclear potential included. Taken from Ref. [84].
One can find that the elliptic flow calculated with
ImQMD05 and UrQMD are coincidence within the com-
mon energy region. For experiments, the important issue
is how to determine the reaction plane accurately, since
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the detectors can not cover full solid angle and can not
detect all kinds of particles with the same efficiency. It
blocks the experimentalists to get the flow accurately, es-
pecially for low-intermediate energy heavy ion collisions.
Thus, to further improve the accuracy of the experimen-
tal measurement of flow is desirable.
D. Spallation reactions
The neutron/proton induced spallation reactions with
the beam energy up to 1 GeV have wide applications
in material science [323], biology [324], surgical ther-
apy [325], space engineering [326] and cosmography [327].
Interest in the spallation reactions has recently been
renewed because of the importance of intense neutron
sources for various applications, such as spallation neu-
tron sources for condensed matter and material sci-
ence [328–330], accelerator-driven subcritical reactors for
nuclear waste transmutation[331, 332] or energy produc-
tion, as well as for medical therapy. So there is a growing
need of nuclear data for spallation reactions at intermedi-
ate energies up to 1 GeV for targets not only the neutron
production materials such as Pb, Bi, W, but also for sur-
rounding structural materials such as Al, Fe, Ni, Zr and
biologic elements such as C, O, Ca.
Experimental data are important for designing spalla-
tion sources. However, it is impossible to make measure-
ments for all data that are of importance for the vari-
ous applications [333]. When experimental data are not
available, theoretical model calculations have to be em-
ployed to estimate the related data. The moving source
(MS) model [334], High Energy Transport Code-Three
step model (HETC-3STEP) [335], intra-nuclear cascade
evaporation (INC/E) model [336] and quantum molec-
ular dynamics (QMD) model [148, 337–340] have often
been utilized in the reactions at energies higher than hun-
dreds MeV.
It is well known that spallation reaction is usually de-
scribed by three-step processes, i.e. the dynamical non-
equilibrium reaction process leading to the emission of
fast particles and an excited residue, followed by pre-
equilibrium emission, and by the decay of the residue.
The first process can be described by microscopic trans-
port theory models, the pre-equilibrium is usually op-
tional in different approaches, and the last one can be
described by a statistical decay model. Over the past
decade, by applying the ImQMD Model (05 version)
merged statistical decay model, a series of studies on the
proton-induced spallation reactions at intermediate en-
ergies have been made [341–345]. Nuclear data including
neutron double differential cross sections (DDXs), pro-
ton DDXs, DDXs of light complex particles, i.e. d, t,
3He and 4He, mass, charge and isotope distributions can
be overall reproduced quite well.
As an example, Fig. 24 shows the results of the neutron
and proton DDXs for proton-induced spallation reaction
for p+208Pb at 256 MeV, 800 MeV and 1 GeV by us-
ing the ImQMD model plus statistical decay model(s).
In Fig. 25, the mass and charge distributions of produc-
tions in the reaction of 500 MeV p+208Pb [334, 335] and
800 MeV p+197Au [333, 336], respectively, is shown. In
Fig. 26, the isotope distributions of residues produced in
the reaction of 750 MeV proton on 56Fe is shown. And
Fig. 27 shows comparisons between calculated DDXs and
experimental data for light charged particles produced in
the reaction of 200 and 392 MeV proton on 27Al.
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FIG. 24: (Color online) Comparison of ImQMD05+GEM2
calculation results (lines) with experimental data (open sym-
bols) for double differential cross sections of emitted neutrons
in 256 [346] and 1000 MeV [347] proton on 208Pb and emit-
ted protons in 800 MeV proton on 208Pb [348] respectively.
Taken from Ref. [341].
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FIG. 25: (Color online) Comparison between the
ImQMD05+GEM2 model and ImQMD05+GEMINI model
calculation results and experimental data for mass and
charge distributions cross sections of products in 500 MeV
p+208Pb [334, 335] and 800 MeV p+197Au [333, 336],
respectively. Taken from Ref. [341].
Except the systems shown above, more proton-
induced spallation reactions have been analyzed with the
ImQMD05 model merging the GEM2 and GEMINI mod-
els. The cross sections for products in proton-induced
reactions on heavy targets can be reproduced quite well
by both models. And it is found that the DDXs of pro-
ton and neutron are not sensitive to the parameters of
ImQMD and statistical model.
However, to best reproduce the experimental data of
mass and charge distributions of productions, two param-
27
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10-3
10-2
10-1
100
101
102
10 15 20 25 30
10-3
10-2
10-1
100
101
102
20 25 30 35 40 45
10-3
10-2
10-1
100
101
102
30 35 40 45 50 55
10-3
10-2
10-1
100
101
102
40 45 50 55 60
10-3
10-2
10-1
100
101
102
 
 
8O
 
 
13Al
 
 
18Ar
 
 
23V
 
 
9F
 
 
14Si
 
 
19K
 
 
24Cr
 
 
10Ne
 
 
15P
 
 
20Ca
 
 
25Mn
 
 
11Na
 
 
16S
 
 
21Sc
 
 
26Fe
 
 
12Mg
 
 
17Cl
 
 
22Ti
 
 
27Co
 (m
b)
A A A A
FIG. 26: Comparison of all measured cross sections of
products (open squares) from the reaction 750 MeV proton
on 56Fe [349] with ImQMD05+GEMINI calculation results
(lines). Taken from Ref. [341].
eters in each model, i.e., the nucleus radius parameter r0
and the level density parameter modification factor ff
(i.e., a∗f = ffaf , af is the level density parameter) in
GEM2; the delay time for fission tdelay and sigdelay in
GEMINI, need to be tinily readjusted according to the
incident energy. For the future, with more precise ex-
perimental data becoming available, we expect that the
systematic adjustable parameters in GEM2 and GEMINI
can be obtained with the present approach. However,
there is still some works to be done in order to achieve
a universal description for spallation reactions with arbi-
trary targets and arbitrary incident energy.
Another important point is the description on the
LCPs produced in the spallation reaction should be re-
fined. The yields of LCPs with high kinetic energy are
underestimated in the previous ImQMD model, as the
dashed curves shown in Fig. 27, because the description
of the LCPs emission in pre-equilibrium process is absent.
In order to overcome the limitation of the ImQMD05
model in description of LCPs emission, a phenomeno-
logical surface coalescence mechanism is introduced into
the ImQMD model. The basic idea of this mechanism
is: the leading nucleon ready to leave from compound
nuclei can coalesce with other nucleon(s) to form a LCP,
and the LCP with enough kinetic energy to overcome
Coulomb barrier can be emitted. By systematic compar-
ison between calculation results and experimental data of
nucleon-induced reactions, the parameters in the surface
coalescence model are fixed. Then with the fixed param-
eters, chosen once for all, the prediction power of the
model is tested by the nucleon-induced reactions on var-
ious targets with energies from 62 to 1200 MeV. And it
is found that, with surface coalescence mechanism intro-
duced into ImQMD model, the description on the DDXs
of LCPs is greatly improved. And Fig. 27 shows compar-
isons between calculated DDXs and experimental data
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FIG. 27: (Color online) Calculated DDXs of light charged
particles produced in the reaction p+27Al at 200, and 392
MeV. Experimental data (triangles) are taken from Ref. [350]
for 200 MeV p+27Al, Ref. [351] for 392 MeV p+27Al, respec-
tively. Taken from Ref. [345].
for light charged particles produced in the reaction of
200 and 392 MeV proton on 27Al.
As we mentioned before, the advantage of the ImQMD
model is that the model parameters are directly obtained
from the Skyrme interactions. Thus, one can study the
impact of the different effective Skyrme interaction on
proton-induced spallation reactions. Based on the best
Skyrme interaction we obtained, one can also obtain the
information of EOS in the mean field level.
IV. STUDY OF IN-MEDIUM NN CROSS
SECTIONS
As we discussed in previous chapter, collision term Icoll
is another key ingredient of transport equation, and the
in-medium effects on the collision cross sections influ-
ences the results of the simulation of HICs. Thus, the
study of in-medium cross sections and extracting the
medium corrections to the cross sections from experi-
mental observables are important, which are the main
contents of this chapter.
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A. In-medium NN cross sections from microscopic
approach
The in-medium NN cross sections can be calculated
by using Bruckner G-matrix method [352–357], one-
boson-exchange model (OBEM) [358–360] or the closed-
time path Green’s function approach [361–364] in the-
ory. By using the closed-time path Green’s function
method, the in-medium elastic and inelastic nucleon-
nucleon cross sections can be derived within the frame-
work of self-consistent relativistic Boltzmann-Uehling-
Uhlenbeck (RBUU) equations. In the early works [361–
363], the in-medium elastic and in-elastic cross sec-
tions without considering the isospin dependence were
computed based on quantum hadro-dynamical (QHD-
1) model. Up to now, by applying the effective La-
grangian such as the QHD-II and its extension in which
the couplings to vector-isovector ρµ and scalor-isovector
δ(a0(980)) mesons are considered, the isospin asymme-
try α, density ρ, and center-of-mass energy
√
s de-
pendence of the in-medium cross sections σ∗, such
as σ∗NN→NN (
√
s, ρ, α) and σ∗NN→N∆(
√
s, ρ, α) are com-
puted [365].
In Fig. 28 we present both the cross sections and the
suppression parameters as a function of c.m. energy
√
s
at different densities, which are obtained with closed-time
path Green’s function as in Ref. [363]. σ
∗(2)
np and σ
∗(2)
nn,pp
are in panels (a) and (b), and the suppression parame-
ters, η
(2)
np = σ
∗(2)
np /σ
free(2)
np and η
(2)
nn(pp) = σ
∗(2)
nn(pp)/σ
free(2)
nn(pp)
are in panels (c) and (d). The superscript ‘(2)’ means
that the cross sections are obtained with closed-time path
Green’s function method as described in Ref. [155]. One
can see that σ
∗(2)
np changes little with density and is nearly
the same as in free space. On the other hand, the cross
section σ
∗(2)
nn,pp tends to be suppressed at lower energies,√
s ≤ 2.05 GeV and enhanced at higher energies. Dif-
ferences in the features of the two cross sections are as-
sociated with the differences between the isospin T = 0
and the T = 1 channels and, in particular, presence of a
low-energy resonance in the T = 1 channel and effects of
ρµ exchange.
Fig. 29 shows the in-medium cross section σ∗NN→N∆
(the initial isospin averaged one) as a function of
√
s
for different reduced densities and the calculation was
performed with the ∆ mass taken to be the pole
mass [365]. It is found that at high energies, the
σ∗NN→N∆ monotonously decreases with increasing den-
sity. This is similar to previous calculations [362] per-
formed with another parameter set of the equation of
state. However, when approaching the threshold energy,
the density dependence is somewhat different from that
in Ref. [362] due to the neglect of the ∆ mass distribution.
This should play a more important role at the lower en-
ergies. One might argue that the mass distribution ought
to be influenced by the nuclear medium as well, a topic
that deserves further investigation.
The results become more interesting for the isospin
FIG. 28: Energy dependence of in-medium cross sections
σ
∗(2)
np and σ
∗(2)
nn,pp in panels (a) and (b), and of the suppression
parameters η
(2)
np and η
(2)
nn,pp in panels (c) and (d), at selected
densities. The cross sections have been obtained within the
CTPGF approach with QHD-II effective Lagrangian. Taken
from Ref. [155].
FIG. 29: (Color online) The in-medium cross section
σ∗NN→N∆ as a function of s
1/2 at several reduced densities.
Taken from Ref. [365].
asymmetries α = (ρn−ρp)/(ρn+ρp) 6= 0 to be discussed
in the following. Owing to the difference in isospin ma-
trices shown in Ref. [365], the cross-section values for the
production of ∆++ and ∆− are exactly three times larger
than those of other channels (∆+ and ∆0) as long as
isospin asymmetry α = 0. With α 6=0, this relation is de-
stroyed because of the different effective masses for ∆++,
∆+, ∆0, ∆− and neutron, proton, which make the scat-
tering amplify different as well. It is found that the in-
fluence of the mass splitting on σ∗pp→n∆++ and σ
∗
nn→p∆−
are much stronger than that on the other four channels.
Fig. 30 shows the effect of mass splitting in the isospin
asymmetric medium on the in-medium cross sections of
∆ production. The ratios R(α) = σ∗(α)/σ∗(α = 0) of all
channels are shown as an example in Fig. 30 as a func-
tion of the isospin asymmetry at a typical kinetic energy
EK = 1 GeV (correspondingly, s
1/2 = 2.326 GeV) where
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FIG. 30: (Color online) The R(α) = σ∗(α)/σ∗(α = 0) ratios
of all channels (lines with different symbols) as a function
of the isospin asymmetry for u = 1 and EK = 1 GeV. The
horizontal dotted line represents unity. Taken from Ref. [365].
the maximum of the cross section approaches. The ra-
tio R(α) deviates almost linearly from unity when the
value of the isospin asymmetry increases from 0 to 0.5.
It occurs with the sequence: R(α, pp→n∆++)> R(α,
pp→p∆+) > R(α, pn→n∆+) > R(α, pn→p∆0) > R(α,
nn→n∆0) > R(α, nn→p∆−). It is further seen that, at α
= 0.5, the R(α) ratio remains within the interval between
0.88 and 1.15 for the ∆+ and ∆0 production channels,
while it changes more rapidly to 1.74 and 0.73 for ∆++
and ∆−, respectively.
Cui et al. also studied the influence of threshold ef-
fects on the in-medium NN → N∆ cross sections [366]
by using the one-boson-exchange model (OBEM), where
the NN → N∆ cross section was averaged over the mass
distribution of ∆ considering the ∆ as short-living reso-
nance. They found that the isospin splitting of medium
correction factor R = σ∗NN→N∆/σ
free
NN→N∆ are weaken
when one consider the threshold energy effects, i.e., the
changes of self-energy when a nucleon turns into a ∆ in
process of NN → N∆. In Fig. 31, the R as a function
of energy above the threshold, i.e., Q =
√
s − √sth =√
s − (2mN + mpi), for different beam energies are pre-
sented. By considering the threshold effects in the calcu-
lation of NN → N∆ cross sections, the isospin splitting
of R becomes weaker at the beam energy above 0.8 GeV
because the changes of scalar and vector self-energies in
the process of NN → N∆ become smaller relative to the
kinetic energy part.
Constraining those cross sections is essential for re-
ducing the uncertainties of EOS constraints by using the
transport models [155, 158, 367]. Also the in-medium
cross sections are of interest for their own sake, as they
underly the viscosity and other nuclear transport coef-
ficients [368]. One of the powerful HICs observables for
extracting the in-medium NN cross sections are the stop-
ping power [369, 370] because it is constructed from the
changing of momentum of the emitted particles and re-
flects the cross sections in the most direct manner. Fur-
FIG. 31: (Color online) The medium correction factor
R = σ∗NN→N∆/σ
free
NN→N∆ as a function of density for different
channels (with different colors) for the beam energy at Q =
0.052, 0.227, and 0.389 GeV (Ebeam = 0.4, 0.8 and 1.2 GeV)
in isospin asymmetric matter at I = 0.2. The left panels are
the results without threshold effects, and the right panels are
with threshold effects. Taken from Ref. [366].
thermore, their correlation [369] with flow observables
which are widely used for determining the stiffness of
EOS, is also of interest. We employed the ImQMD and
UrQMD models to investigate the effects of in-medium
NN cross sections on HICs observables. The cross check-
ing on the results with two models is helpful for us to
deeply understand the in-medium NN cross sections and
the reliability of transport models, and it will be dis-
cussed in the next part.
B. In-medium NN cross sections from heavy ion
collisions
It is quite often in the transport model calculations
that the medium corrected elastic cross section adopts
a form of σ∗NN = (1 − ηρ/ρ0)σfreeNN , with η being a
parameter and usually set to be 0.2. Compared with
that obtained from the theoretical calculations shown
in Fig. 28 where the σ∗NN depends also on energy in
addition to density, the form of the medium correc-
tions σ∗NN = (1 − ηρ/ρ0)σfreeNN are too simple. To ob-
tain the information of the in-medium elastic cross sec-
tions from HIC, Y.X. Zhang, et al. [155] proposed ad
hoc parametrization inspired by the closed-time path
Green’s function (CTPGF) results aiming at the descrip-
tion of the excitation function for elliptic flow in the mid-
rapidity region of |yc.m./yc.m.beam| < 0.1 in Au+Au colli-
sions. Fig. 32 shows the ImQMD05 calculation results
of excitation functions of elliptic flow parameter v2 and
directed flow P 0xdir = pxdir/u
beam
c.m. with different Skyrme
density functionals and in-medium elastic cross sections.
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There are three kinds of in-medium NN cross sections,
i.e. σ∗(1), σ∗(2), and σ∗(3), where σ∗(1) is the one given
in expression (σ∗NN = (1 − ηρ/ρ0)σfreeNN and η = 0.2),
σ∗(2) is the results calculated by using CTPGF method
based on QMD-II effective Lagrangian, σ∗(3) is the ad
hoc parameterization given by Ref. [155]. It is seen that
the σ∗(3) shows the best fit to the data and the σ∗(1) is
the worst among three kinds in-medium cross section.
It is found that the best fit to the experimental flow
data with η=0.2 for Ebeam ≤ 150 MeV/nucleon, η=0 for
Ebeam=150-200 MeV/nucleon, η=-0.2 for Ebeam = 200-
400 MeV/nucleon, can well reproduce the data of flow
and stopping power simultaneously.
FIG. 32: The top panels display midrapidity elliptic flow.
The bottom panels display maximal scaled directed flow. The
data are represented by solid symbols and calculations by
open symbols. The left panels in the figure illustrate the sen-
sitivity of calculations to the employed mean field. The right
panels illustrate the sensitivity of calculations to in-medium
cross sections. Taken from Ref. [155].
The impact of nucleon-nucleon cross sections on nu-
clear stopping is also investigated. Fig. 33 shows a variety
of results pertinent to vartl. The vartl is defined as the
ratio of the rapidity variance in the transverse direction
to the rapidity variance in the longitudinal direction,
vartl =
< y2t >
< y2z >
, (76)
which has been used as a measure of the nuclear stopping.
The emitted charged particles with Z = 1− 6 from cen-
tral collisions of symmetric or near-symmetric systems
are selected, with the contributions of different parti-
cles weighted with Z. The panels (a) and (b) in Fig. 33
show calculated distributions in longitudinal and trans-
verse rapidities in 400 MeV/nucleon Au+Au collisions at
b/bmax < 0.15. The corresponding vartl values for dif-
ferent calculations are quoted in those panels. The panel
(c) compares the calculated vartl excitation functions for
Au+Au to the data. Finally, the panel (d) compares the
calculated dependence of vartl on system charge to data
at 400 MeV/nucleon. From Fig. 33, one can learn that
there is a good chance to restrict the in-medium cross
sections using measured vartl but less chance to restrict
the mean field. Our results show both flow and stopping
power data favor the σ∗(3), which is consistent with the
recent analysis from INDRA data [371].
FIG. 33: Comparison of characteristics of central colliding
systems in the longitudinal and transverse rapidities. Pan-
els (a) and (b) display the calculated rapidity distributions
of particles from central (b/bmax < 0.15) 400 MeV/nucleon
Au+Au collisions and illustrate, respectively, the sensitivity
of calculations to the mean field and to the cross sections.
Bottom panels (c) and (d) display the calculated and mea-
sured beam energy dependencies of the variance ratio vartl,
respectively, on energy for the Au+Au collisions and on net
system charge at collision energy 400 MeV/nucleon. The data
are from FOPI Collaboration [369]. Taken from Ref. [155]
Very recently, P.C. Li et al. also discuss the similar
things with UrQMD model [253]. They adopted a more
complicated medium correction form, which reads
σ∗NN = F(ρ, p)σfreeNN , (77)
with
F(ρ, p) = λ+ (1− λ)e
−ρ/ρ0ξ − f0
1 + (p/p0)κ
+ f0. (78)
p is the momentum of nucleon in center of mass of two
colliding nucleons, ξ and λ are the parameters which de-
termine the density dependence of the cross sections, κ
is the parameter which determine the momentum depen-
dence of the cross sections.
As shown in Fig. 34, the degree of nuclear stopping
(RE =
E⊥
2E‖
) in central Au + Au collisions as a function
of the beam energy are investigated. The results obtained
with medium correction factor F(ρ, p) = σ∗NN/σfreeNN =
0.5 are the largest and those with F = 0.2 are the small-
est of all. Again, this result from the nuclear stopping
observables also consistently supports that the medium
correction factors of about 0.2 and 0.5 are required for
reasonably describing the degree of nuclear stopping in
HICs at Elab = 40 and 150 MeV/nucleon, respectively.
Furthermore, the difference between the results from the
FU3FP1 (corresponding to λ = 1/3, ξ = 1/3, f0 = 1, p0
= 0.425 GeV/c, and κ = 5 in Eq. (78)) parametrization
and from F = 0.3 steadily increases with increasing beam
energy. Calculations with FU3FP1 fit the experimental
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data quite well and reproduce the slightly increased stop-
ping power with increasing beam energy, whereas oth-
ers fail to reproduce the observed beam-energy depen-
dence. In the future, rigorous extracted information of
in-medium NN cross sections also require a refined Pauli
blocking in the transport models [372].
FIG. 34: (Color online) Beam-energy dependence of RE (the
solid symbols) and vartl (the open symbols) for free protons
from central 197Au + 197Au collisions. Calculations with four
different medium correction factors (the dashed lines with dif-
ferent symbols) are compared with the FOPI (the open stars)
and INDRA (the solid stars) experimental data. Taken from
Ref. [253].
C. In-medium NN cross sections from spallation
reactions
Proton induced reactions also provide the information
of in-medium NN cross sections below the normal density
with a much clearer picture. In the following, the medium
correction is taken as,
σ∗tot = σ
free
in + σ
∗
el = σ
free
in + F(u, δ, p)σfreeel . (79)
Where the σfreeel and σ
free
in are the free isospin depen-
dent elastic and inelastic cross sections, respectively. The
form of the medium correction factor is as same as that
proposed by Q.F. Li et al. in Refs. [77, 170, 252].
The F(u, δ, p) depends on the nuclear-reduced density
u = ρ/ρ0, the isospin-asymmetry δ = (ρn−ρp)/(ρn+ρp)
and the momentum pNN . On condition of momentum
independent medium correction, F(u, δ, p) = Fδ · Fu,
Fu = λ+ (1− λ) exp(−u/ζ), (80)
Fδ = 1− τijA(u)δ, A(u) = 0.85
1 + 3.25u
, (81)
i = j = n/p, τij = ∓1; i 6= j, τij = 0.
If the medium correction has a obvious momentum de-
pendence, F(u, δ, p) = F pδ · F pu ,
F pδ/u =
{
f0, p > 1 GeV/c,
Fδ/u−f0
1+(p/p0)κ
+ f0, p ≤ 1 GeV/c, (82)
with p being the momentum in the NN center-of-mass
two colliding nucleons. By varying the parameters λ, ζ,
f0, p0 and κ one can obtain different medium correction
on nucleon-nucleon elastic cross section(NNECS). The
parameter sets used are listed in Table II and III. Among
these parameter sets, FU1-3 and FP1-5 are taken from
Refs. [77, 170, 252], FU4 and FP6 are used in Ref. [373].
TABLE II: Parameter sets used for the density-dependent cor-
rection factor Fu.
Set λ ξ
FU1 1
3
0.54568
FU2 1
4
0.54568
FU3 1
6
1/3
FU4 1
5
0.45
TABLE III: Parameter sets used for the momentum depen-
dence of correction factor Fp.
Set f0 p0 (GeV/c) κ
FP1 1 0.425 5
FP2 1 0.225 3
FP3 1 0.625 8
FP4 1 0.3 8
FP5 1 0.34 12
FP6 1 0.725 10
The various in-medium NNECS obtained from combi-
nations by parameterizations FU1, FU2, FU3 and FP1,
FP2, FP3 are tested by the excitation function of reac-
tion cross section (RCS) for p+56Fe in Fig. 35. By using
the in-medium NNECS, the descriptions on the excita-
tion function of RCS are great improved. Especially the
combinations of FU2+FP3 and FU3+FP3 give the best
two results except a little deviation at low energies. Ac-
cording to the momentum dependence of the in-medium
NNECS F pu , the enhancement effect of momentum cor-
rection does not yet appear at such low energies if FP3
is adopted. FU4 provides a reasonable correction effect
between ones given by FU2 and FU3.
More experimental data of the RCS of proton induced
reaction from light to heavy targets 12C, 27Al, 40,48Ca,
90Zr, 118Zn, 208Pb are used to test the obtained in-
medium NNECS FU4FP6. As examples, the excitation
functions of RCS for nucleon-induced on various targets,
such as n+12C, n+63Cu, n+208Pb, p+12C, p+40Ca, and
p+118Sn, calculated by the ImQMD model with FU4FP6
are shown in Fig. 36. One can see that all experimental
data are reproduced quite well. In particular, not only
are the excitation functions of RCS for the targets along
the β-stable line well described, but also the excitation
function of RCS for 48Ca, which is far away from the
β-stable line, is also well reproduced. In addition to the
proton-induced reactions, the good description on the ex-
citation functions of RCS for the neutron-induced reac-
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FIG. 35: (Color online) Excitation functions of RCS
for p+56Fe calculated with free NNECS and various in-
medium NNECS compared with experimental data, respec-
tively. Taken from Ref. [373].
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FIG. 36: (Color online) Excitation functions of RCS
for nucleon-induced on various targets calculated with free
NNECS and FU4FP6 in-medium NNECS compared with ex-
perimental data, respectively. Taken from Ref. [373].
tions means that the medium correction of the isospin
dependence of NNECS is reasonably reproduced.
V. SYMMETRY ENERGY AT DIFFERENT
DENSITIES AND TEMPERATURES AND THE
CONSTRAINTS
The relationship between pressure, density, tempera-
ture and isospin asymmetry (δ = (ρn − ρp)/(ρn + ρp))
described by the equation of state (EOS) of nuclear mat-
ter governs the compression achieved in supernova and
neutron stars, as well as the structure and many other
basic properties of nuclei. Thus, determination of the
EOS has been one of the primary goals since first rela-
tivistic heavy ion beams started to operate in the begin-
ning of the 80s of the last century [5–8]. The symme-
try energy of nuclear matter is defined as the difference
between the energy per nucleon in pure neutron matter
and in symmetric nuclear matter, i.e., the energy related
to the isospin asymmetry of the system. As one of the
most important and unclear part of the EOS for isopin
asymmetric nuclear matter, it plays an important role in
the various fields, ranging from the structure of nuclei to
gravitational collapse to neutron stars.
Within the parabolic approximation, the energy per
nucleon for asymmetric nuclear matter E(ρ, δ) (known
as EOS of cold nuclear matter) can be written as
E(ρ, δ) = E(ρ, δ = 0) + Esym (83)
= E(ρ, δ = 0) + S(ρ)δ2 + · · · .
The first term is the energy per nucleon for symmet-
ric nuclear matter, Esym is the symmetry energy term.
Here, one should note that the S(ρ) in the second term
describes the density dependence of the symmetry en-
ergy which was also named as symmetry energy in other
literatures [62]. The approaches to describe the nuclear
EOS have been performed by using the variety of effective
interactions within mean-field theories, relativistic [374–
383], non-relativistic [384–390] as well as the effective
interaction based on chiral effective field theory [391–
397]. In addition, the ab initio approaches based on high
precision free space nucleon-nucleon interactions and the
nuclear many-body problems being treated microscopi-
cally are also applied to study the nuclear EOS [398–413].
However, large uncertainties in predictions of the density
dependence of the symmetry energy away from normal
nuclear matter have been found. It stimulates lots of
effort to reduce the uncertainties of the predicted den-
sity and momentum dependence of symmetry potential
by using very neutron-rich HICs.
Quite a few important observables in HICs, such as
the yield ratio of neutron to proton, the yield ratio of
pi− to pi+, and elliptic flow, etc., were predicted to be
sensitive observables for sub- and supra-saturation den-
sities based on the IBUU approach [63, 66, 69–71, 414].
Q.F. Li et al. also pointed out that comprehensive stud-
ies with multiple observables such as the yield ratios
of free neutrons to protons, pi− to pi+, 3H to 3He, etc
can provide the density dependence of the symmetry en-
ergy at a wider density region based on the UrQMD
model calculations as shown in Refs. [73–75]. Tsang
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et al. proposed and measured the isospin sensitive ob-
servables, double neutron to proton ratios [415], isospin
diffusion [416], isospin transport ratios as a function
of rapidity [417]. At present, the data for the isospin
diffusion [416] and the neutron to proton yield ratio
data [415] from NSCL/MSU, the mass asymmetry for
largest and second largest residues in CHIMERA and
the flow data from TAMU [418] and GSI [233], angu-
lar distribution of neutron to proton exceed ratios from
Tsinghua/IMP [419], are important observables for con-
straining the symmetry energy around saturation den-
sity. The data of pion yield ratio, pi−/pi+ [78] and el-
liptic flow of neutron and proton [246, 420, 421] from
GSI are available, which are supposed to be used to con-
strain the symmetry energy at supra-saturated densities.
By comparing the data with transport model calcula-
tions, one indirectly obtains the density dependence of
the symmetry energy. With the development of new
generation of neutron-rich beam facilities in Institute of
Modern Physics (IMP), National Superconducting Cy-
clotron Laboratory(NSCL), Texas A&M (TAMU), Na-
tional Institute for Nuclear Physics (INFN), GSI, tight
constraints of the density dependence of the symmetry
energy will be possible in future.
A. Symmetry energy at subsaturation density
The discussions in this section focus on the neutron
to proton yield ratios, isospin diffusion as observables to
constrain the density dependence of the symmetry en-
ergy from normal density to subnormal density. The
ImQMD code is used to extract the information of the
symmetry energy from heavy ion collision data. Here,
one should note that the exact input of the transport
model is the effective nucleon interaction, potential en-
ergy density functional or the single particle potential
as mentioned in section II. Consequently, one can also
obtain the EOS or symmetry energy at different den-
sity or temperature based on the interaction or nucleonic
potential parameters that we used in the transport mod-
els. In the community, the EOS or symmetry energy at
zero temperature, which are obtained with the interac-
tion used in the transport models, are usually used to
describe the constrained results on EOS or the density
dependence of the symmetry energy S(ρ).
1. Constraints from n/p ratios and isospin diffusion
The single neutron to proton yield ratio was proposed
to study the density dependence of the symmetry energy
by Bao-An Li et al. in Ref. [63] in 1997 where the neu-
tron proton yield ratios are related to the strength of
symmetry energy. The first experimental data was pub-
lished in 2006 for 112,124Sn+112,124Sn by the NSCL/MSU
group [415]. However, the different efficiencies for neu-
tron and charged particles detectors cause the large errors
for single n/p ratio. A double n/p ratio was proposed in
order to reduce the uncertainties in the neutron detection
efficiencies and the energy calibrations of neutrons and
protons. The double ratio,
DR(Y (n)/Y (p)) =
Rn/p(A)
Rn/p(B)
(84)
=
(dMn(A))/(dEc.m.)
(dMp(A))/(dEc.m.)
(dMp(B))/(dEc.m.)
(dMn(B))/(dEc.m.)
,
is constructed from the ratios of energy spectra,
dM/dEc.m. of neutrons and protons for two systems A
and B characterized by different isospin asymmetries.
The comparison between the ImQMD05 calculations and
the experimental data is shown in Fig. 37. The star
symbols in the left panel of Fig. 37 show the neutron-
proton double ratios measured at 70◦ < θc.m. < 110◦
as a function of center-of-mass (c.m.) energy of nucle-
ons emitted from the central collisions of 124Sn+124Sn
and 112Sn +112Sn [415]. Despite the large experimen-
tal uncertainties for higher energy data from [415], the
comparisons between the data and ImQMD calculations
definitely rule out both very soft (γi=0.35) and very stiff
(γi=2) density-dependent symmetry terms. Here, γi is
the symmetry potential parameter as in Eq. (42) in sec-
tion II.
The parameterization of the symmetry energy corre-
sponding to the interactions we used in these calculations
has the form as in Eq. (44), i.e., S(ρ) = ~
2
6m (
3pi2ρ
2 )
2/3 +
Cs,p
2 (
ρ
ρ0
)γi . The potential parameters is Cs,p= 35.2 MeV
and the symmetry energy at saturation density, S0= 30.1
MeV. The right panel shows the dependence on γi of the
χ2 computed from the difference between predicted and
measured double ratios. We determine, within a 2σ un-
certainty, parameter values of 0.4≤ γi ≤1.05 correspond-
ing to an increase in χ2 by 4 above its minimum near
γi ∼ 0.7.
The density dependence of the symmetry energy has
also been probed in peripheral collisions between two
nuclei with different isospin asymmetries by examining
the diffusion of neutrons and protons across the neck
that joins them. This “isospin diffusion” generally con-
tinues until the two nuclei separate or until the chem-
ical potentials for neutrons and protons in both nu-
clei become equal. Thus, in theory, the changes of
isospin asymmetry of projectile-like/target-like residues
at their separation time reflect the isospin diffusion abil-
ity. We named this as isospin asymmetry of the emit-
ting source. To isolate diffusion effects from other ef-
fects, such as pre-equilibrium emission, Coulomb effects
and secondary decays, measurements of isospin diffusion
compare “mixed” collisions, involving a neutron-rich nu-
cleus A and a neutron-deficient nucleus B, to the “sym-
metric” collisions involving A+A and B+B. The degree
of isospin equilibration in such collisions can be quanti-
fied by rescaling the isospin observable X according to
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FIG. 37: (Color online) Left panel: Comparison of experi-
mental double neutron-proton ratios (star symbols), as a func-
tion of nucleon center-of-mass energy, to ImQMD calculations
(lines) with different density dependencies of the symmetry
energy parameterized by γi in Eq. (44). Right panel: A plot
of χ2 as a function of γi. Taken from Ref. [422]
the definition of isospin transport ratio Ri(X) [416],
Ri(X) =
2XAB −XAA −XBB
XAA −XBB , (85)
where X is the isospin observable. In the absence of
isospin diffusion, the ratios are R = 1 or R = −1. If
isospin equilibrium is achieved, then the ratios R = 0 for
the mixed systems. Equation (85) dictates that different
observables, X, provide the same results if they are lin-
early related [416, 417]. The agreement of experimental
isospin transport ratios obtained from isoscaling param-
eters, α, [22] and from yield ratios of A = 7 mirror nu-
clei [417], R7 = R(X7 = ln(Y (
7Li)/Y (7Be))) agree, i.e.,
Ri(α) ≈ R7, reflects nearly linear relationships between
α, X7, and the asymmetry δ of the emitting source [417].
FIG. 38: (Color online) Left panel: Comparison of experi-
mental isospin transport ratios (shaded regions) to ImQMD
results (lines), as a function of impact parameter for different
values of γi. Right panel: Comparison of experimental isospin
transport ratios obtained from the yield ratios of A = 7 iso-
topes (star symbols), as a function of the rapidity to ImQMD
calculations (lines) at b = 6 fm. Taken from Ref. [422].
In the ImQMD calculations, the isospin asymmetry δ
of emitting source is calculated from the emitted frag-
ments and free nucleons at the same velocity or rapidity
region as in experiments [224, 416, 422]. Left panel of
Fig. 38 shows the calculation results of Ri(δ) compared
with the experimental isospin diffusion transport ratios,
Ri(α), plotted as shaded regions. The ImQMD calcula-
tions are performed at impact parameters of b=5, 6, 7,
and 8 fm for considering the impact parameter effects.
The lines in the left panel of Fig. 38 show the predicted
isospin transport ratio Ri(δ) as a function of impact pa-
rameter b for γi=0.35, 0.5, 0.75, 1, and 2. Faster equi-
libration occurs for smaller γi values which correspond
to larger symmetry energies at subsaturation densities.
Thus we see a monotonic decrease of the absolute value
of Ri(δ) with decreasing γi. The χ
2 analysis for both
impact parameters b=6 and 7 fm, which corresponds to
the impact parameter region in the measurements, are
performed. Using the same 2σ criterion, the analysis
brackets the regions 0.45≤ γi ≤ 1.0 and 0.35≤ γi ≤ 0.8
for b= 6 and 7 fm, respectively. ImQMD calculations also
provide predictions for fragment yields as a function of
rapidity. The star symbols in the right panel of Fig. 38
represent measured values of R7 obtained from the yield
ratios of 7Li and 7Be [417] at b= 6 fm, as shown by the
lines. This first calculation of the shapes and magnitude
of the rapidity dependence of the isospin transport ratios
R7 reproduces the trends accurately. The corresponding
χ2 analysis with calculations at b=6 and 7 fm favors the
region 0.45 ≤ γi ≤ 0.95. The favorite γi region obtained
from double neutron to proton yield ratio and isospin
diffusion observables are in coincidence.
Here, we should point out the constraints on the expo-
nent γi depends on the symmetry energy at saturation
density, S0 = S(ρ0). Increasing S0 has the same effect on
the isospin transport ratio as decreasing γi. To compare
our results to constraints obtained from nuclear masses
and nuclear structure, we expand S(ρ) around the satu-
ration density, ρ0,
S(ρ) = S0 +
L
3
(ρ− ρ0)/ρ0 + (86)
Ksym
18
((ρ− ρ0)/ρ0)2 + Qsym
162
((ρ− ρ0)/ρ0)3...
where L, Ksym and Qsym are the slope, curvature and
skewness parameters of S(ρ) at ρ0. For realistic param-
eterization of S(ρ), Ksym is correlated to L [423]. As
the second term in Eq. (86) is much important than the
third term, we believe L can be determined more re-
liably than Ksym. Furthermore, the slope parameter,
L = 3ρ0dS(ρ)/dρ|ρ0 is related to p0, the pressure from
the symmetry energy for pure-neutron matter at satura-
tion density. The symmetry pressure, p0, provides the
dominant baryonic contribution to the pressure in neu-
tron stars at saturation density [424–426].
More calculations have been performed at b = 6 fm
with different values of γi and S0 to locate the approxi-
mate boundaries in the S0 and L plane that satisfy the
2σ criterion in the χ2 analysis of the isospin diffusion
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data. The two diagonal lines in Fig.39 represent esti-
mates in such an effort. Examination of the symmetry
energy functional formed along these boundaries, where
the diffusion rates are similar but S0 and L are differ-
ent, reveal that diffusion rates predominantly reflect the
symmetry energy at and somewhat below.
FIG. 39: (Color online). Representation of the constraints on
parameters S0 and L. The right axis corresponds to the neu-
tron matter symmetry pressure at saturation density. The re-
gion bounded by the diagonal lines represents the constraints
obtained in the present work. The vertical line at S0 ∼ 31.6
MeV is from Refs. [62, 431]. The lower and upper boxes are
formed by the constraints from PDR data [432] and from sym-
metry energy analysis on nuclei [423], respectively. The inset
shows the density dependence of the symmetry energy of the
shaded region. The symbol in the inset represents the GDR
results from Refs. [433, 434].
Up to now, there are a lot of efforts on the ex-
traction of symmetry energy. They have been made
by comparing measured isospin sensitive observables,
such as isospin diffusion [427] at the beam energy 74
MeV/nucleon, angular distribution of neutron-excess for
light charged particles at 35 MeV/nucleon [428], collec-
tive flows [246, 418] to various transport model calcu-
lations. Consensus on the symmetry energy coefficient
and slope of symmetry energy has been obtained from
nuclear structure and reaction studies, as partly sum-
marized and shown in Fig. 40, where symmetry energy
coefficient S0 = 30 − 32MeV and slope of symmetry en-
ergy L = 40− 65MeV [429, 430], but the uncertainties of
symmetry energy constraints are still large.
Furthermore, the symmetry energy not only depends
on the S0 and L but also on the higher terms, such
as Ksym, Qsym, ..., or depends on the effective mass
m∗ and neutron proton effective mass splitting ∆m =
(m∗n −m∗p)/m. It naturally requires more accumulations
of the data of the isospin sensitive observables and the
development of transport models to distinguish those dif-
ferent physics.
FIG. 40: (Color online) Constraints for symmetry energy
parameters from different approaches. Taken from Ref. [430].
2. Novel probes of symmetry energy at subsaturation
denisty
The new sensitive and clear observables to the sym-
metry potential are also welcome for obtaining accurate
knowledge of the symmetry energy. For example, some
types of the direct reaction, like the elastic or inelastic
scattering as well as the direct projectile breakup, involve
fewer degrees of freedom in the reaction process and may
reduce the difficulties in modeling the collision and could
be used to constrain the symmetry energy at the subsat-
uration density.
Li Ou et al. proposed a new sensitive probe that
is the isovector reorientation of deuteron induced colli-
sions on heavy nuclei based on the ImQMD model cal-
culations [435]. It is demonstrated in [435] that in the
deuteron induced peripheral collisions on heavy nuclei
such as 124Sn, the loosely bound deuteron break up into
neutron and proton, which moves with different direc-
tions relative to the incoming beam direction (named as
reorientation effect), due to the isovector and Coulomb
(only for proton) interaction with the target. It is found
that the correlation angle determined by the relative mo-
mentum vector of the proton and the neutron originating
from the breakup deuteron, which is experimentally de-
tectable, exhibits significant dependence on the isovector
nuclear potential but is robust against the variation of
the isoscaler sector. Fig. 41 shows the distribution of
correlation angle α defined as
cosα =
ppz − pnz
|pp − pn| , (87)
for 100 MeV/nucleon (unpolarized and polarized) d +
124Sn. The calculation is performed with the ImQMD05
code and the expression of density functional is given in
section II. The Skyrme density functionals SkA [436],
SkT5, SkT1 [437], SkM∗ [229], Skz-1, Skz1, and Skz4
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FIG. 41: (Color online) The distribution of the correlation
angle α in 100 MeV/nucleon ~d+124Sn. Here, γ is the γi in
Eq.(44). Taken from Ref. [435].
[438] are applied. The MSL0-like Skyrme interaction cor-
responding to the density dependent parameters γi = 0.5
and =2. From the results of ImQMD calculations, one
can see that the correlation angle α is very sensitive to
the density dependence of symmetry energy, and insignif-
icantly depends on the variation of isoscalar potentials.
Left panel of Fig. 42 shows the logarithmic spectra of
cosα, i.e., ln dσd cosα , for various γi with impact parame-
ters b = 7.0 fm for the reaction of ~d+124Sn. The slope
of function ln dσd cosα = a0 +a1 cosα, which fitting the the
logarithmic spectra of cosα in |cosα| ≤ 0.2, are shown
in right panel of Fig. 42. Fig. 42 clearly demonstrates
the sensitivity of the correlation angle distribution to the
density dependence of the symmetry energy and thus can
be taken as a more clear probe to the density depen-
dence of symmetry energy at subsaturation densities. In
terms of sensitivity and cleanness, the breakup reactions
induced by the polarized deuteron beam at about 100
MeV/nucleon could provide a more stringent constraint
to the symmetry energy at subsaturation densities.
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FIG. 42: (Color online) (a) The logarithmic spectra of cosα
in ~d + 124Sn with b = 7 fm at 100 MeV/nucleon for various
γ and corresponding fitted quadratic functions, (b) the linear
coefficient a1 as a function of γ. Here, γ is the γi in Eq.(44).
See text for detailed discussions. Taken from Ref. [435].
Another effort we have done is that we propose the
angular distribution anisotropy of coalescence invariant
neutron to proton yield ratio to probe the symmetry en-
ergy at subsaturation density. The mass asymmetry re-
action system, i.e. 40Ar+197Au, are analyzed, since this
system has a gradient of Coulomb field during the reac-
tion and the effects of symmetry potential at forward and
backward region may different.
The angular distribution anisotropy of coalescence in-
variant neutron to proton yield ratio is defined as
CI n/p =
dMn,CI
dθc.m.
/
dMp,CI
dθc.m.
, (88)
where
dMn,CI
dθc.m.
=
∑
Z,N
N
Y (N,Z)
dθc.m.
, (89)
dMp,CI
dθc.m.
=
∑
Z,N
Z
Y (N,Z)
dθc.m.
. (90)
As shown in Fig. 43, the CIn/p ratios obtained with
γi = 0.5 are greater than that obtained with γi = 2.0
for the beam energies we studied, because the symmetry
energy for γi = 0.5 is stronger than that for γi = 2.0
at subsaturation density. Furthermore, the CIn/p ratios
show a different θc.m. dependence for the different forms
of symmetry potential. For γi = 0.5, the CI n/p ratios
slightly increase as a function of θc.m.. It is the result of
the isospin asymmetry changing from δproj = 0.10 at the
projectile region to δtar = 0.19 at the target region since
the single particle potentials of neutrons and protons are
close. However, for γi = 2.0, the CI n/p ratios obviously
decrease with θc.m., and the CI n/p ratios at backward
regions are smaller than that at forward regions. Our
calculations show that this behavior also exists at beam
energy for 50 and 100 MeV/nucleon.
FIG. 43: (Color online) Left: calculated results for CI n/p
ratios as a function of θc.m. for b = 4, 6, and 8 fm at Ebeam =
35 MeV/nucleon. The solid symbols are for γi = 0.5 and open
symbols are for γi= 2.0. Middle: results for 50 MeV/nucleon;
right: results for 100 MeV/nucleon. Taken from Ref. [439].
B. Symmetry energy at suprasaturation density
The symmetry energy and its constraints at suprasat-
uration density are very important for understanding the
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dense neutron-rich matter, such as the structure of neu-
tron star and its cooling mechanism. In this section we
will discuss the efforts on constraining the symmetry en-
ergy at suprasaturation densities based on the UrQMD
model calculations. Some sensitive observables to the
density dependence of the symmetry energy at suprasat-
uration densities are discussed and then the constraints
on the density dependence of the symmetry energy at
suprasaturation densities are deduced by comparing the
UrQMD model calculations with the measurements of
flow.
In Ref. [73, 74], a hard Skyrme-type EoS ( K = 300
MeV) without momentum dependence is used in the cal-
culations, and it was demonstrated by the UrQMD model
calculations that several observables, such as the trans-
verse momentum distribution of free neutron to proton
yield ratio, 3H to 3He ratio, pi− to pi+, etc. in neutron-
rich reaction systems like 208Pb + 208Pb, 132Sn+124Sn,
96Zr +96Zr are sensitive to the density dependence of
symmetry potential energy. In the UrQMD calculations,
a momentum independent symmetry potential is used,
i.e., vqsym =
∂(ρδ2Epotsym)
∂ρq
. Here, Epotsym is the corresponding
density dependence of the symmetry potential energy (in
Eq. (43), it is the potential part of S(ρ)). It is written as
Epotsym(u) = (S0 −
F
3
)F (u), (91)
where u = ρ/ρ0 is the reduced nuclear density, S0 and
F are the symmetry energy coefficient and Fermi energy,
respectively. The forms of F (u) adopted in the calcula-
tions are (1) uγ with γ= 1.5 (called F15 in the follow-
ing text), (2) u (a−u)a−1 with a= 3 (Fa3), a is the so-called
reduced critical density; (3) and (4) so-called DDHρ∗
and DDH3ρδ∗ symmetry potential energies, which are
inspired by the relativistic mean-field calculations of
DDHρ∗ and DDH3ρδ∗ [440]. Fig. 44 illustrates the form
of density dependence of symmetry potential energy used
in the UrQMD. Among them, F15 and DDH3ρδ∗ corre-
FIG. 44: (Color online) Parameterizations of the nuclear
symmetry potential energy DDHρ∗, DDH3ρδ∗, F15, Fa3, and
the linear one as a function of the reduced density u. Taken
from Ref. [73].
sponds to the stiff symmetry potential energy and other
two correspond to the soft one.
Fig. 45 shows the transverse momentum distribution
of the neutron to proton yield ratios (n/p or Y(n)/Y(p))
of emitted free nucleons calculated with four different
forms of the symmetry potential. The n/p ratio, espe-
cially in the low transverse momentum region, depends
strongly on the choice of the symmetry potential. In
the low transverse momentum region, the n/p ratio with
DDHρ∗ is the largest and that with F15 is the small-
est. Obviously, nucleons with low transverse momenta
are mainly emitted from the low density region. It follows
that the deviation between Fa3 and DDH3ρδ∗ at densities
ρ < ρ0 is small. Correspondingly, the n/p ratios at low
transverse momenta calculated with Fa3 and DDH3ρδ∗
are very close. For emitted nucleons with transverse mo-
menta larger than ∼700 MeV/c, the n/p ratios in the Fa3
and DDH3ρδ∗ cases are close to those in the DDHρ∗ and
F15 cases, respectively. This is in correspondence with
the fact that Epotsym for Fa3 (DDH3ρδ
∗) is close to DDHρ∗
(F15) when ρ > ρ0. Free nucleons with transverse mo-
menta larger than ∼700MeV/c are mainly squeezed out
from higher densities [441]. The calculations performed
in Ref. [73, 74] showed that those nucleons with high
transverse momentum are emitted at early time when
the density is high.
FIG. 45: Transverse momentum distributions of free neu-
tron/proton ratios for different density dependent symmetry
potentials. Taken from Ref. [73].
In addition, in Refs. [73, 75], the yields of pi− and pi+ as
well as the pi−/pi+ ratios were also investigated with the
F15 and Fa3. Fig. 46 shows the calculation results of the
yields of pi− and pi+ as well as the pi−/pi+ ratios for cen-
tral collision in 208Pb +208Pb at 0.4 GeV/nucleon. One
can find from the figure that the sequence of the relative
differences between calculation results of the n/p ratios
at transverse momenta larger than ∼700 MeV/c with 4
different symmetry potentials is the same as that of the
pi−/pi+ ratios at higher pt. It is because that emitted
nucleons with high pt are also from high density region
as pions do. But, the UrQMD calculations show that
the relative difference between the calculated results of
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pi−/pi+ ratio from different symmetry energies is weaker
than n/p ratio.
FIG. 46: (Color online) Transverse-momentum distributions
of pi− and pi+ from central 208Pb + 208Pb collisions at Ebeam
= 0.4 GeV/nucleon for different symmetry potentials. The
pi−/pi+ ratios are also shown as functions of transverse mo-
mentum. Taken from Ref. [73].
Up to now a lot of effort have been made to extract the
symmetry energy at suprasaturation densities by repro-
ducing the FOPI pi−/pi+ ratio. An apparent systematic
discrepancies between the extracting symmetry energy
from extreme soft to extreme stiff appeared by differ-
ent transport models calculations [138, 442–447]. Also,
the calculations of Hong and Danielewicz [447] shows the
pi−/pi+ ratios are independent of the form of density de-
pendence of symmetry energy after including the strong
pion interaction. Further work will thus be required be-
fore pion yields and yield ratios can be reliably applied
to the investigation of the high-density symmetry energy.
Flow observables have been proposed by several groups
as probes for the symmetry energy at high densities [69,
81]. In Ref. [421], the UrQMD model calculations were
performed with the SM EOS (soft EOS and with momen-
tum dependent interaction) in isoscalar part, and power
law form of symmetry energy as in Eq.(44) in isovector
part. The results showed that the elliptic-flow ratio of
neutrons with respect to protons or light complex parti-
cles in reactions of neutron-rich systems at relativistic en-
ergies was sensitive to the strength of the symmetry term
at suprasaturation densities. The comparison of existing
data of the ratio between the elliptic flow of neutrons
and hydrogen isotopes vn2 /v
H
2 from the FOPI/LAND ex-
periment [82, 83] with calculations performed with the
UrQMD model suggested a moderately soft to linear sym-
metry term, characterized by a coefficient γi = 0.9± 0.4
in a power law form of density dependence of the sym-
metry energy as in Eq.(44).
In Ref. [252], the updated version of UrQMD model,
where the Skyrme potential energy density functional
was adopted in the mean field part, was applied to study
the flow effect and to constrain the density dependence
of the symmetry energy from the FOPI/LAND elliptic
flow data. Fig. 47 shows the calculation results of vn2 /v
H
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FIG. 47: (Color online) (a) Elliptic flow ratio of neutrons vs.
hydrogen isotopes ( Z = 1) as a function of the transverse mo-
mentum pt/A, calculated with the indicated 9 Skyrme forces
for central (b < 7.5 fm) 197Au+197Au collisions at Ebeam
= 400 MeV/nucleon in the mid-rapidity interval |y0| ≤ 0.5
in comparison with the FOPI/LAND data (shaded area) re-
ported in Ref. [421]; (b) the same quantity calculated with
the indicated 7 Skyrme forces for the intermediate rapidity
interval 0.25 ≤ |y0| ≤ 0.75. Taken from Ref. [319].
for 197Au+197Au at 400 MeV/nucleon with impact pa-
rameter b < 7.5 fm. Left penal shows the comparison
between the calculations with different Skyrme potential
energy density functional with FOPI/LAND data. The
calculation was performed with the same range of labo-
ratory angles accepted by LAND. The slope parameter of
L = 89± 45MeV for the density dependence of the sym-
metry energy (2σ uncertainty) was extracted by fitting
the FOPI/LAND data. The right panel shows the calcu-
lation results for the intermediate rapidity window 0.25
≤ |y0| ≤ 0.75, for the same impact parameter and rapid-
ity interval but without the gate on laboratory angles.
It is clearly seen that the differences of the various pre-
dictions steadily grow as one moves to the region of low
transverse momentum. The vn2 /v
H
2 ratio in the rapidity
window 0.25 ≤ |y0| ≤ 0.75 seems considerably more sen-
sitive to the density dependent symmetry energy than in
the mid-rapidity interval |y0| ≤ 0.5, thus offering inter-
esting opportunities for future experiments.
Furthermore, the newly measured directed and elliptic
flows of neutrons and light-charged particles for the reac-
tion 197Au+197Au at 400 MeV/nucleon incident energy
within the ASY-EOS experimental campaign at the GSI
laboratory were applied to extract the density depen-
dence of the symmetry energy at supra-saturation densi-
ties [246]. Fig. 48 shows the ASY-EOS/GSI data and the
UrQMD predictions for the elliptic flow ratio of neutrons
over all charged particles vn2 /v
ch
2 for central (b < 7.5 fm)
collisions of 197Au+197Au at 400 MeV/nucleon as a func-
tion of the transverse momentum per nucleon pt/A . The
deduced symmetry-term coefficient γi = 0.75± 0.10.
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FIG. 48: (Color online) Elliptic flow ratio of neutrons over all
charged particles for central collisions of 197Au+197Au at 400
MeV/nucleon as a function of the transverse momentum per
nucleon pt/A. The black squares represent the experimental
data [246]; the green triangles and purple circles represent
the UrQMD predictions for stiff (γ = 1.5) and soft (γ = 0.5)
power-law exponents of the potential term, respectively. γ in
this figure means γi in Eq.(44). Taken from Ref. [246].
It is interesting to see that all the deduced density
dependence of the symmetry potential energy at supra-
saturation densities from the comparison with the elliptic
flow data of FOPI/LAND and ASY-EOS are in coinci-
dence, which suggests a moderate and linear density de-
pendence of the symmetry potential energy.
C. EOS and symmetry energy at finite
temperature
For HICs, the compressed nuclear matter are excited
and the temperature is not zero. How does the EOS
or the symmetry energy changes at finite temperature
is very important for understanding the HICs observ-
ables and extracting the EOS or symmetric energy. In
Ref. [448] the temperature and density dependence of the
symmetry energy was studied. The energy per nucleon at
density ρ and temperature T for pure neutron and sym-
metry matter are calculate by using Skyrme interactions
within mean-field approach and the temperature depen-
dence arises from the modification of the zero temper-
ature step-like momentum distributions, which becomes
Fermi-Dirac distributions.
The Skyrme density functional reads
H =
~2
2m
[τn + τp] (92)
+
1
4
t0[(2 + x0)ρ
2 − (2x0 + 1)(ρ2n + ρ2p)]
+
1
24
t3ρ
α[(2 + x3)ρ
2 − (2x3 + 1)](ρ2p + ρ2n)
+
1
8
[t1(2 + x1) + t2(2 + x2)]τρ
+
1
8
[t2(2x2 + 1)− t1(2x1 + 1)](τnρn + τpρp),
where ρ = ρn + ρp, and τ = τn + τp. The ρq and τq
are calculated by ρq =
1
(2pi~)3 2
∫∞
0
nq(p)d
3p and τq =
2
∫∞
0
(nq(p)p
2)/~2d3p/~3. The occupation number dis-
tribution for species q, obeys Fermi-Dirac distribution.
nq(p) =
1
1 + exp[β(q − µq)] , (93)
q and µq are the single particle energy and chemical
potential for species q, and β = 1/KBT .
By solving above equations iteratively at any pair of
µn and µp the proton and neutron density ρp and ρn at
temperature T , the energy per nucleon in neutron mat-
ter (NM) and symmetric matter (SM) can be obtained.
Then the symmetry energy at finite temperature can be
calculated. Fig. 49 shows the density and temperature
dependence of the symmetry energy in nuclear matter at
temperatures T = 0, 5, 10 and 20 MeV calculated with 9
different Skyrme interactions. The 9 subfigures in Fig. 49
are ordered according to the magnitude of the ratio of
effective mass R0m for the applied Skyrme interactions.
The quantity R0m is the value of Rm = m
∗
1/m
∗
0 at normal
density, i.e., R0m = Rm(ρ0), where the subscripts 0 and
1 indicate the isospin asymmetry δ = 0 (for SM) and 1
(for NM), respectively. Obviously, Rm is proportional to
the neutron and proton effective mass splitting in asym-
metric matter, which can characterize the strength of the
splitting of the neutron and proton effective mass for the
Skyrme interaction. Fig. 49 shows that there is no obvi-
ous correlation between the trend of the density depen-
dence of the symmetry energy in cold matter and the
magnitude of the R0m of the corresponding Skyrme in-
teractions. Concerning the temperature dependence of
the symmetry energy, one sees that the nuclear symme-
try energy decreases with increasing temperature at all
densities for Skyrme interactions with small R0m, such as
SLy7, Skz3, Skt5 and SkMP, etc., in agreement with the
results given in Ref. [449]. However, for SkM, SKXm,
SkP and v070 with large R0m, the symmetry energy de-
creases with increasing temperature at low density and
increases with temperature when the density is higher
than a certain density. We call this phenomenon as the
transition of the temperature dependence of the symme-
try energy (TrTDSE). It shows that the Skyrme inter-
actions, such as SkM, SKXm, SkP, and v070 for which
the TrTDSE phenomenon occurs all satisfy m∗n > m
∗
p.
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FIG. 49: (Color online) Density dependence of symmetry en-
ergy at T=0, 5, 10, 20 MeV calculated with different Skyrme
interactions. The ranges of corresponding neutron and proton
effective masses and the ratio between the neutron effective
masses for the neutron matter and symmetric matter at sat-
uration density are also presented in each sub-figure. Taken
from Ref. [448].
The density for the onset of the TrTDSE depends on the
magnitude of the R0m of the corresponding Skyrme in-
teractions. The larger R0m is, the lower the density for
the TrTDSE onset is. For the Skyrme interactions not
satisfying m∗n > m
∗
p, the TrTDSE phenomenon will not
occur.
D. Uncertainties in symmetry energy constraints
1. Uncertainties of the symmetry energy associated
parameters
With the progress of the study of the density depen-
dence of the symmetry energy, tight constraints become
urgently requisite, which need the efforts from experi-
mental measurements, improvements of transport mod-
els, and understanding the physics parameter correla-
tions. For example, we know that there are not only
S0 and L in the Taylor expansion of S(ρ) as in Eq. (86),
but also the high order terms, such as curvature Ksym
and skewness Qsym of S(ρ). Obviously, the uncertainties
of Ksym and Qsym can influence the constraints on the
S0 and L, or the density dependence of the symmetry en-
ergy. There are also many efforts to constrain the Ksym
and Qsym from neutron skin and neutron star [450–453].
Margueron et al.’s calculations show that the simple
Taylor expansion of the EOS cannot be used to reproduce
the EOS well at the whole density region as well as for
the symmetry energy, and they proposed a meta-EOS
model to describe it [451–453]. Another method to well
describe the Skyrme EOS and symmetry energy is to
use the nuclear matter parameters, such as ρ0, E0, K0,
S0, L, m
∗
s, m
∗
v, with two additional coefficients gsur and
gsur,iso [159, 454, 455]. Here, ρ0 is the normal density,
K0 = 9ρ0
∂2/ρ
∂ρ2 |ρ0 is the incompressibility of symmetric
nuclear matter, m∗s/m = (1 +
2m
~2
∂
∂τ
E
A )|ρ0 is the isoscalar
effective mass, m∗v =
1
1+κ is the isovector effective mass
where κ is the enhancement of a factor of the Thomas-
Reich-Kuhn sum rule. gsur, gsur,iso are the coefficients
related to density gradient terms.
A lot of theoretical works have evidenced that all of
them are related to the symmetry energy. For example,
in the Skyrme-Hartree-Fock approaches, the density de-
pendence of symmetry energy is written as,
S(ρ) =
1
3
~2
2m
(
3pi2
2
ρ)2/3 (94)
+(Asymu+Bsymu
η + Csym(m
∗
s,m
∗
v)u
5/3),
where u is the reduced density, i.e., ρ/ρ0. A recent theo-
retical study by Mondal et al. also provide evidence that
the S(ρ) depends on the effective mass [456]. In the stan-
dard Skyrme interaction, one also observed that the m∗s
is also related to the K0 based on the formula of Skyrme
Hartree-Fock (SHF) as pointed out in Ref. [386],
K0 = B + Cσ +D(1− 3
2
σ)
8~2
mρ0
(
m
m∗s
− 1), (95)
withB = −9E0+ 35F , C = −9E0+ 95F andD = 320ρ0k2F .
If the E0 and ρ0 are well known, the K0 depends on the
m∗s and σ. Focusing on the correlation between m
∗
s and
K0, one can say K0 is independent of m
∗
s if σ = 2/3,
but K0 linearly depends on the inverse of m
∗
s if σ 6= 23 .
Thus, one can expect that the constraint of S(ρ) with less
biased uncertainty should depend on the values of ρ0, E0,
K0, S0, L, m
∗
s, m
∗
v rather than only on the uncertainties
of S0 and L.
Fig. 50 shows the values of nuclear matter parame-
ters, K0, S0, L, m
∗
s/m, and fI calculated from 224 effec-
tive Skyrme interactions published from the years 1970-
2015 [457]. Here, fI =
1
2δ (
m
m∗n
− mm∗p ) =
m
m∗s
− mm∗v , it
can be analytically incorporated into the transport model
and its sign reflects the m∗n > m
∗
p or m
∗
n < m
∗
p. The
nuclear matter incompressibility from Skyrme parameter
sets converges to the region of 200-280 MeV after the year
∼1990, except for the parameter from the original quark
meson coupling (QMC) method [458] (red circles in up-
per panels of Fig. 50) which were readjusted in 2006. In
Ref. [459], they show the value of K0 is higher than gener-
ally accepted by a considerable margin, i.e. K0 = 240±20
MeV, based on the most precise and up-to-date data on
GMR energies of Sn and Cd isotopes, together with a
selected set of data from 56Ni to 208Pb. This result is
250 < K0 < 315 MeV which has been obtained without
any microscopic model assumptions, except (marginally)
the Coulomb effect, and revealed the essential role of sur-
face properties in vibrating nuclei.
For other nuclear matter parameters, such as S0, L,
m∗s, and fI , most of their values fall into the regions
of S0 = 25 − 35 MeV, L = 30 − 120 MeV, m∗s/m =
0.6−1.0, fI = −0.5−0.4. The very recent results on the
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estimated nuclear matter parameters [451] are shown as
black squares in Fig. 50.
FIG. 50: (Color online) Extracted values of nuclear matter pa-
rameters, K0, S0, L, m
∗
s/m, and fI as a function of published
year. The values are obtained from the compiled Skyrme pa-
rameter sets by Dutra et al. [457]. The black points are the
results obtained in Ref. [451]. Taken from Ref.[460].
In the simulations of neutron-rich HICs, the calcula-
tions results of the isospin sensitive observables could be
influenced by those nuclear matter parameters, such as
effective mass splitting and isoscalar effective mass, which
makes the effect of the symmetry energy in a certain ex-
tent [159, 461–463]. Thus, the effect of different K0, m
∗
s
and different effective mass splitting should also be inves-
tigated and make unentanglement with the effect of the
symmetry potential on the isospin sensitive observables
in HICs.
2. Influence of effective mass splitting on Ri, Ri(y), and
n/p ratios
In the investigations with the standard Skyrme inter-
action in HICs, four Skyrme interaction parameter sets,
SLy4, SkI2, SkM* and Gs [229, 386, 464, 465] which have
similar incompressibility (K0), symmetry energy coeffi-
cient (S0) i.e., K0 = 230 ± 20 MeV, S0 = 32 ± 2 MeV,
but different isoscalar effective mass m∗/m = 0.7 ± 0.1
and different effective mass splitting, are adopted in the
ImQMD-Sky calculations. The SLy4 and SkI2 [386, 464]
have similar neutron/proton effective mass splitting with
m∗n < m
∗
p, but very different slopes of symmetry en-
ergy L values, 46 MeV for SLy4, and 104 MeV for SkI2.
The other two Skyrme interaction parameter sets with
m∗n > m
∗
p and m
∗/m ∼ 0.78 also have different L val-
ues, 46 MeV for SkM* [229], and 93 MeV for Gs [465].
The saturation properties of nuclear matter for these four
Skymre interactions are listed in Table. IV. By analyzing
the results calculated with these interactions, the sensi-
tivities of the isospin observables on the different nuclear
matter parameters can be investigated.
TABLE IV: Corresponding saturation properties of nuclear
matter in, SLy4, SkI2, SkM*, and Gs Skyrme parameters.
All entries are in MeV, except for ρ0 in fm
−3 and the dimen-
sionless effective mass ratios for nucleon, neutron and proton.
The effective mass for neutron and proton are obtained for
isospin asymmetric nuclear matter with δ = 0.2. Taken from
Ref. [224].
Para. ρ0 E0 K0 S0 L Ksym m
∗/m m∗n/m m
∗
p/m
SLy4 0.160 -15.97 230 32 46 -120 0.69 0.68 0.71
SkI2 0.158 -15.78 241 33 104 71 0.68 0.66 0.71
SkM* 0.160 -15.77 217 30 46 -156 0.79 0.82 0.76
Gs 0.158 -15.59 237 31 93 14 0.78 0.81 0.76
We simulated the collisions of 124Sn+124Sn,
124Sn+112Sn, 112Sn+124Sn, and 112Sn+112Sn reac-
tions at beam energy of 50 MeV/nucleon using the
ImQMD-Sky code. 64,000 events were performed for
each reaction at each impact parameter. Previous
theoretical studies [158, 466] and recent experimental
studies [467] suggest that there is no strong dependence
of transverse emitted neutron to proton yield ratios on
the impact parameter. In the left panel of Fig. 51, we
plot the isospin transport ratios obtained with SLy4,
SkI2, SkM* and Gs interactions at b = 6 fm. As in
previous studies [158, 422], we analyze the amount
of isospin diffusion by constructing a tracer, X = δ,
from the isospin asymmetry of emitting source which
includes all emitted nucleons (N) and fragments (frag)
with the velocity cut (vN,fragz > 0.5v
c.m.
beam). The shaded
region is experimental data obtained by constructing
the isospin transport ratio using isoscaling parameter
X = α, near the projectile rapidity regions [416].
Our results show that the isospin transport ratio Ri
(see Eq. (85)) values for SLy4 (solid circle) and SkM*
(solid squares), both with L = 46 MeV, lie within
the experimental uncertainties while the Ri values for
SkI2 (open circle, L = 104 MeV) and Gs (open square,
L = 93 MeV) are above the data range. Even though the
isospin diffusion process is accelerated at subsaturation
densities with the stronger Lane potential, the overall
effect of mass splitting on isospin diffusion is small. This
conclusion is similar with previous results even from
the IBUU and SMF models [70, 461]. Since the isospin
diffusion process is strongly related to the difference
of local isospin concentration, the strong repulsive
momentum-dependent isoscalar potential reduces the
effect of isovector potential on the reaction dynamics,
thus, there is no clear pattern that Ri values decrease
significantly with the strength of Lane potentials.
We also compare results of the calculations to Ri as
a function of the scaled rapidity y/yc.m.beam as shown in
the right panel of Fig. 51. The star symbols in the
right panel are experimental data, Ri(X7) = R7, ob-
tained in Ref. [417]. This transport ratio was generated
using the isospin tracer X = ln[Y (7Li)/Y (Be)], where
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FIG. 51: (Color online) Left panel: isospin diffusion trans-
port ratios obtained with SLy4, SkI2, SkM* and Gs. The
shaded region corresponds to the data from [416]. Right
panel: isospin transport ratios as a function of rapidity for
SLy4, SkI2, SkM* and Gs. The star symbols are data
from [417]. Taken from Ref. [224].
Y (7Li)/Y (7Be) is the yield ratio of the mirror nuclei, 7Li
and 7Be [417]. For comparison, the ImQMD-Sky calcula-
tions of Ri are plotted as lines for b = 6 fm. The interac-
tions with smaller L values, SLy4 and SkM* (solid lines)
agree with the data better especially in the high rapidity
region. However, χ2 analysis suggests that the quality of
fit with isospin diffusion data is not good enough to draw
definite conclusions about mass splitting effect with con-
fidence. We need a more sensitive and reliable observable
to extract quantitative information about the nucleon ef-
fective mass splitting.
The calculated results on single ratio R(n/p) and
double ratio DR(n/p) are shown in Fig. 52. We plot
the Y(n)/Y(p) ratios as a function of kinetic energy
of emitted nucleon in center of mass frame, Ec.m., for
112Sn+112Sn (left panel) and 124Sn+124Sn (middle panel)
at b = 2 fm with angular gate 70◦ < θc.m. < 110◦.
The lines connecting the circles correspond to m∗n < m
∗
p
case, and the lines connecting the squares correspond
to m∗n > m
∗
p case. Not surprisingly, the Y(n)/Y(p) ra-
tios are larger for the neutron rich system, 124Sn+124Sn,
in the middle panel. Consistent with Refs. [461, 462],
the differences in the Y(n)/Y(p) ratios between them
m∗n < m
∗
p (circles) and m
∗
n > m
∗
p (squares) increase with
nucleons kinetic energy. At high nucleon energies, the
stronger Lane potentials with m∗n < m
∗
p enhance neutron
emissions, leading to flatter Y(n)/Y(p) dependence on
the nucleon kinetic energy. The calculations with SLy4
(L = 46MeV,m∗n < m
∗
p) are consistent with the double
ratios data from Ref. [415] which was published in 2006,
especially at high kinetic energy region.
Recently, remeasurements of the neutron to proton
yield data has been finished and was published in
Ref. [468]. The measured coalescence invariant spectral
double ratios DR(n/p) for both beam energies, 50 and
120 MeV/nucleon, were analyzed. There are systematic
uncertainties in DR(n/p) of about 10% at Ebeam = 50
FIG. 52: (Color online) Left panel: Y(n)/Y(p) as a function
of kinetic energy for 112Sn+112Sn at b = 2 fm with angular
cuts 70◦ < θc.m. < 110◦; Middle panel is the Y(n)/Y(p) for
124Sn+124Sn. Right panel: DR(n/p) ratios as a function of
kinetic energy. The calculated results are for SLy4 (solid cir-
cles), SkI2( open circles), SkM* (solid squares) and Gs(open
squares). Taken from Ref. [224].
MeV/nucleon and 15% at Ebeam = 120 MeV/nucleon
stemming from the dependence of the neutron detec-
tion efficiencies on the charged particle and neutron-
scattering backgrounds in LANA. The current data at
Ebeam = 50 MeV/nucleon have a factor of 4 smaller un-
certainties and extend over a wider energy range than
those of Ref. [415]. The two data overlap within statis-
tical and systematic uncertainties, except for the lowest
two energy data points. The new precision data show
there is no agreement between the data and calcula-
tions due to the inadequate description of cluster forma-
tion mechanism at the beam energy of 50 MeV/nucleon.
At higher incident energy, Ebeam = 120 MeV/nucleon,
the calculation describes the nucleon spectra fairly well.
Furthermore, at high kinetic energy of emitted nucle-
ons (Ec.m. > 60 MeV), the ImQMD-Sky calculations of
Ref. [224] showed the greatest sensitivity to the effective
mass splitting, and calculations with SLy4 interaction lie
close to the data whereas the calculations with SkM* lie
below the data.
Further theoretical analyses have indicated that n/p
yield ratios (as well as other observables) are also some-
what sensitive to the other nuclear matter parameters.
For example, in Ref. [159], we discussed the linear cor-
relation coefficient CAB between the nuclear matter pa-
rameter and the isospin sensitive observable in the sam-
pled parameter space. The linear-correlation coefficient
CAB between variable A and observable B is calculated
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FIG. 53: (Color online) Correlations of five observ-
ables, CI-R2(n/p)(a), CI-DR(n/p)(b), CI-R21(n/n)(c), CI-
R21(p/p)(d), Rdiff (e) with five force parameter, K0, S0, L,
m∗s and fI . Up panels are the results for 50 MeV/nucleon,
and bottom panels are for 120 MeV/nucleon. Taken from
Ref. [159].
as follows[469]:
CAB =
cov(A,B)
σ(A)σ(B)
(96)
cov(A,B) =
1
N − 1
∑
i
(Ai− < A >)(Bi− < B >)(97)
σ(X) =
√
1
N − 1
∑
i
(Xi− < X >)2, X = A,B(98)
< X > =
1
N
∑
i
Xi, i = 1, N. (99)
cov(A,B) is the covariance, σ(X) is the variance. CAB =
±1 means there is a linear dependence between A and
B, and CAB = 0 means no correlations. As shown in the
panel (e) and (j) of Fig. 53, isospin diffusion also related
to the isoscalar effective mass [159], which may have to
be better constrained in order to accurately determine
the effective mass splitting and slope of symmetry en-
ergy. Those studies also stimulate the further statistical
analysis or Bayesian analysis in the multi-dimension pa-
rameter surface with respect to the neutron to proton
yield data [470].
3. Influence of K0, S0, L, m
∗
s, and fI on isospin diffusion
In order to investigate the impact of other nuclear mat-
ter parameters on the isospin diffusion observable, we cal-
culate it in five-dimensional (5D) parameter space, such
as K0, S0, L, m
∗
s, fI , with ImQMD-Sky. We sampled 120
points in the range which we listed in Table V under the
condition that η ≥ 1.1. η ≥ 1.1 is used for guaranteeing
the reasonable three-body force in the transport model
calculations. The ranges of these nuclear matter parame-
ters are chosen based on the prior information of Skyrme
parameters as shown in Fig. 50. As an example, the 120
sampled points are presented as open and solid circles
in two-dimensional projection in Fig. 54. The points of
parameter sets uniformly distribute in two-dimensional
projection except for the plots of K0 and m
∗
s/m due to
the restriction of η ≥ 1.1. We perform the calculations
for isospin transport diffusion at 35 MeV/nucleon and 50
MeV/nucleon at b = 5−8 fm with the impact parameter
smearing [471] for 112,124Sn+112,124Sn. 10,000 events are
calculated for each point in the parameter space and sim-
ulations are stopped at 400 fm/c. The calculations are
performed on TianHe-1 (A), the National Supercomputer
Center in Tianjin.
TABLE V: Model parameter space used in the codes for the
simulation of 112,124Sn+112,124Sn reaction. 120 parameter sets
are sampled in this space by using the Latin Hyper-cuber
Sampling method. Taken from Ref.[460]
Para. Name Values Description
K0 (MeV) [200,280] Incompressibility
S0 (MeV) [25,35] Symmetry energy coefficient
L (MeV) [30,120] Slope of symmetry energy
m∗s/m0 [0.6,1.0] Isoscalar effective mass
fI = (
m0
m∗s
− m0
m∗s
) [-0.5,0.4] fI =
1
2δ
(m0
m∗n
− m0
m∗p
)
FIG. 54: (Color online) Sampled points in 5D parameter
space, blue solid points are the sets which can reproduce two
isospin diffusion data. Taken from Ref.[460].
In Fig. 55, the lines represent the calculated results
of the isospin transport ratio Ri with 120 parameter
sets. Two stars are the experimental data [416, 417, 472]
which is constructed from the isoscaling parameter X =
αiso at 50 MeV/nucleon [416] and the ratio of X =
ln(Y (7Li)/Y (7Be)) [417, 472] at the beam energy of
35 MeV/nucleon, which was assumed and evidenced to
linearly related to the isospin asymmetry of emitting
source [417]. And thus, one can compare the Ri(δ) to
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Ri(α) or Ri(ln(Y (
7Li)/Y (7Be)). As shown in Fig. 55,
the calculated results show a large spread around the ex-
perimental data. By comparing the calculations to the
data, we find 22 parameter sets that can reproduce the
isospin diffusion data within experimental errors. The
extracted 22 parameter sets are listed in Table VI. We
highlight those points that can reproduce the experimen-
tal data within experimental errors with blue colors in
Fig. 54. Generally, one can observe that the L increases
with the S0. The constrained points distribute in the
bottom-right corner in the S0-L plot [panel (c)], and the
large L with small S0 are ruled out.
FIG. 55: (Color online) Stars are the isospin diffusion data at
35 MeV/nucleon and 50 MeV/nucleon [417, 472], lines are the
calculated isospin transport ratios with 120 parameter sets.
Taken from Ref.[460].
The results in panel (j) of Fig. 54 show that isospin
diffusion data is not sensitive to the effective mass and its
splitting. Based on the Fig. 54, one can learn that there
is no obvious correlations between Ri and S0, L, m
∗
s/m,
and fI in 5D parameter space. It is because the Ri is not
only correlated to L but also correlated to m∗s/m [159],
which broke the Ri dependence of L when we randomly
chose the values of K0, S0, L, m
∗
s/m, and fI . If we fix the
values of K0, S0, m
∗
s/m, and fI , the positive correlation
between Ri and L can be found.
VI. DISCUSSION AND PROSPECT
The transport model has been widely and successfully
applied in the study of heavy ion collisions from low en-
ergies to relativistic energies, for understanding the nu-
clear phenomena, such as, collective flow, particle emis-
sion, fussion-fission, multifragmentation mechanism and
the properties of nucleonic equation of state (EOS) in the
laboratory.
However, the model uncertainties still need to be un-
derstood for reliable extracting the physics information
of interest. In last 30 years, the transport code com-
parison project has been performed in the community
to seek the reasons [226, 372, 473, 474] and reduce the
model uncertainties. Despite a lot of efforts devoted to
the improvement of the model, we still have to face some
fundamental problems for the demands of more exact
theoretical description and accurate calculation of heavy
ion collisions.
Because of the complexity of transport equations, and
in particular their dimensionality, the collision term and
mean field potential term are treated separately and it
causes the model uncertainties in solving the transport
equation [474] and extracting the properties of nuclear
system. Ideally, the final but very difficult goal for trans-
port model is to develop a precise and accurate enough
transport model, which takes enough quantum effects
and treat the mean field and collision self-consistently
for the quantum N -body system.
The quantum effects in transport model play more im-
portant roles for heavy ion reaction at low energy than
that at high energy, but this is not well considered in
the current models. One of the reason is that the coarse-
grain method is adopted to derive the transport equation.
It leads to a semi-classical transport equation, where the
phase space distribution f will finally evolve to the Boltz-
mann distribution. It is mimicked by the Pauli blocking,
but it is always underestimated in the current transport
models, especially for low energy heavy ion reaction [372].
It seems to us that there is a long standing task to im-
prove the treatment of the quantum effects, such as the
shell effect which plays important role in some cases as
well as the Pauli blocking effect for the better descrip-
tion of low energy heavy ion collision by transport model.
However, it is also needed to go beyond the mean field
for heavy ion reaction at low energy.
Fluctuations in transport theory are the main venue
to go beyond dissipative mean field dynamics, and it
plays an important role in the large amplitude motions
of nuclear systems, such as nuclear fission, fusion, MNT,
ternary break, and multifragmentation reactions as one
observed in experiments of heavy ion collisions. As an
example, in Ref. [475], the models of MNT reaction was
tested by reaction 136Xe+198Pt and it turned out that
the ImQMD calculations provide better agreement with
experimental data, and it seems to us that it is due to
the stronger fluctuation and dissipation being considered
dynamically in the ImQMD model. To understand and
properly treating the fluctuation and dissipation in trans-
port models is of importance for a better description of
the fusion, MNT as well as the multifragmentation,etc.,
in heavy ion collisions from both theoretical study and
practical applications.
The cluster formation mechanism is another important
issue which needs to be solved in the transport models,
since the heavy ion collision observables used to extract
the physics information of interest are obtained from the
measurement of the emitted light particles or fragments.
In physics, the cluster formation is related to the fluctu-
ation when the system enters into the spinodal region as
well as the N -body correlations. But both mechanisms
are hard to accurately deal with and to incorporate in
the calculations for describing the light particles produc-
tions in the mean field level. For heavy ion reactions at
intermediate energy, one has clearly observed the mul-
tifragmentation phenomena, and there are lot of light
charged particle formed. But in the transport model, ex-
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TABLE VI: Extracted 22 nuclear matter parameter sets and the corresponding standard Skyrme parameters. t0 in MeV fm
3,
t1 and t2 in MeVfm
5, t3 in MeVfm
3σ+3, x0 to x3 is dimensionless quantities. Taken from Ref.[460].
No. K0 S0 L m
∗
s/m fI t0 t1 t2 t3 x0 x1 x2 x3 σ
1 234.391 26.936 41.147 0.898 -0.024 -1890.80 427.97 -490.81 12571.72 0.10669 -0.19396 -0.7161 0.15416 0.29804
2 277.553 26.124 43.235 0.897 0.089 -1374.17 428.19 -607.42 10814.29 0.04292 -0.26258 -0.81939 0.24329 0.51892
3 259.484 33.146 52.855 0.723 -0.366 -1569.42 474.60 3.93 9415.46 0.21035 -0.03708 -41.13867 -0.02844 0.37265
4 257.436 31.863 62.418 0.787 -0.072 -1572.00 455.14 -359.50 10186.44 0.10568 -0.18487 -0.69112 0.07323 0.38608
5 249.937 30.298 56.647 0.73 0.295 -1714.97 472.30 -688.83 10110.07 0.34791 -0.39789 -1.01437 0.97341 0.31666
6 267.291 27.828 51.482 0.903 -0.16 -1452.20 426.91 -352.89 10979.89 -0.02416 -0.11056 -0.50064 -0.25793 0.46733
7 276.418 28.86 42.831 0.711 -0.097 -1395.03 478.63 -263.07 8737.27 0.20269 -0.18678 -0.68719 0.48667 0.47509
8 200.821 31.098 87.039 0.986 0.171 -3048.33 410.78 -744.73 19381.38 -0.28089 -0.3043 -0.8462 -0.35056 0.16036
9 228.2 28.292 40.048 0.65 0.212 -3312.92 501.46 -515.21 17988.52 1.00059 -0.36089 -1.06232 1.48966 0.10376
10 253.203 29.474 49.084 0.752 0.055 -1644.99 465.37 -460.59 10070.75 0.24038 -0.26259 -0.86375 0.55912 0.34745
11 242.098 31.985 44.36 0.713 -0.488 -1914.52 477.95 140.60 10865.66 0.15117 0.02588 -2.31398 -0.12133 0.25704
12 239.014 31.441 91.905 0.981 -0.148 -1766.26 411.68 -411.04 12629.01 -0.43493 -0.10372 -0.52328 -0.93988 0.34248
13 230.13 34.676 64.931 0.698 -0.026 -2480.04 483.17 -323.15 13757.39 0.39189 -0.22784 -0.82337 0.54526 0.16807
14 220.763 34.081 73.762 0.85 -0.096 -2359.49 438.85 -383.47 14591.08 -0.02704 -0.15899 -0.63047 -0.17633 0.20869
15 237.836 30.837 68.072 0.765 0.203 -1945.23 461.46 -625.89 11613.88 0.15946 -0.34378 -0.95171 0.41995 0.26249
16 276.165 30.705 58.846 0.744 -0.218 -1393.55 467.84 -169.89 9181.01 0.06398 -0.11247 -0.2356 -0.13504 0.48318
17 212.881 33.425 82.13 0.988 -0.413 -2406.93 410.43 -139.80 15831.81 -0.50854 0.06498 0.90667 -1.02398 0.21879
18 273.816 27.854 36.382 0.997 -0.435 -1396.68 408.85 -121.72 11646.34 0.0986 0.08113 1.25635 -0.43832 0.51157
19 278.918 32.888 95.046 0.81 -0.033 -1368.43 448.90 -418.69 9938.92 -0.21753 -0.20303 -0.73659 -0.6341 0.51343
20 255.597 29.184 38.419 0.841 -0.233 -1579.20 441.03 -234.77 10767.52 0.19335 -0.08009 -0.25897 0.09028 0.39256
21 275.783 33.03 107.768 0.908 0.143 -1386.09 425.85 -670.47 10922.75 -0.33682 -0.29417 -0.85204 -0.68126 0.51127
22 264.335 29.718 82.428 0.945 0.059 -1474.21 418.40 -605.68 11375.98 -0.25086 -0.23842 -0.78177 -0.4952 0.45917
K¯0 S¯0 L¯ m¯∗s/m f¯I t¯0 t¯1 t¯2 t¯3 x¯0 x¯1 x¯2 x¯3 σ¯
Average 250.54 30.62 62.31 0.83 -0.072 -1838.43 447.08 -383.78 11971.69 0.05613 -0.17691 -2.4674 -0.0112 0.3534
error (22.87) (2.39) (21.01) (0.11) (0.22) (553.99) (28.05) (223.12) (2783.59) (0.3255) (0.133) (8.66) (0.608) (0.130)
cept for the AMD considering the NN correlation to form
light particles [476], the calculations always overpredict
the Z = 1 particles and underestimate the Z = 2 parti-
cles. It naturally requires including a reasonable cluster
formation mechanism besides the current Hamiltonian
dynamics we used.
Baryons and mesons production and propagation
mechanism near the threshold energy are also important
issue for extracting the information of EOS at high den-
sity. At this energy region, the issue related to a covariant
dynamics model in the propagation and collisions part,
in-medium cross sections of NN ↔ NR/NN ↔ RR, en-
ergy conservation in the process of NN ↔ NR/NN ↔
RR/R↔ Npi (R is a resonance particles) and the poten-
tial for mesons, should be well investigated.
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